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e Nim so luoc vé Hoc phan, cac quy dinh chung, cac chinh sach cua
gido vién, cac dia chi va thong tin can thiét, bau 16p truong Hoc

phan.

e Nam dugc, tinh dugc cac xac suat & nhitng mo hinh don gian. Pac
biét, van dung cong thirc xac suat toan phan, cong thirc Bayes, cong

thirc Bernoulli.

e Thay duoc tinh ddc 1ap cua cac bién cb 1a dic thu cua 1y thuyét XS
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Chuong 1. Bién co va xac suat cia bién co
§1.1.Xac suat bién bién co
§1.2. Xéc suat diéu kién

§1.3. Su doc lap




Gi6i thiéu hoc phian XSTK(15 phiit)

e Xuét phat diém ctia Ly thuyét xc suat 1a tung dong tién, danh bac hay
cac tro choi may rui.

e Nhiéu nghich 1y duoc phat hién dan dén nhiing tranh cii kich liét & thé
ky 19, ddn dén ludng quan diém coi 1y thuyét x4c suat 1a “khoa hoc ngay tho”.

e Do nhu cau phat trién nhu vuc bdo cta khoa hoc & dau thé ky 20, do
doi hoi cua vat 1y, thién van, sinh hoc..., dua trén 1y thuyét tap hop va Iy thuyét
do do da rat phat trién, Kolmogrov, nha bac hoc Nga hang dau d3 dua ra hé tién
dé ctia LTXS, 1am co s toan hoc viing chic cho nganh toan hoc nay. Ly thuyét
XS 14 co s cua théng ké toan, mot nganh cia toan hoc duoc tng dung rong rii
nhat hién nay.

e Trén thé gidi, thong ké rit dugc phat trién. Nhiéu khoa toan nam trong
truong thong ké.

e Chia lam 2 phan: Phan XS gdém 3 chuong, phan thong ké gém 2
chuong

Chinh sach riéng
MBJi lan 1én bang chita bai tap ding duoc ghi nhan, cong vao diém qué trinh
0.5 diém. Chira bai tap sai khong bi trir diém.

Su hién dién trén 16p: Khong di hoc > 5 budi s& khong duoc thi.

Tai liéu tham khao cho Hoc phian LTXSTK

TT | Tén tai li¢u Téc gia Nxb Nam xb
1 | Xac suét théng T6 Van Ban | Nxb Gido duc Viét Nam 2010
ké, To6 Van Ban,
2 | Xac suat Thong | Téng  Dinh | Gido duc 2006
ké Quy
3 |M¢ dau vé ly |Ping Hung | Gido duc 2005
thuyét Xac suat | Thang
va cac ung dung
4 |Ly thuyét Xac |Nguyén Xuan | HV KTQS 1998
suat Vién
5 | Thong ké va ung bang  Hung | Gido duc 1999
dung Thang
Pé Bai tap vé nha XSTK
(Gach dudi: Chira trén 16p)
CHUONG I
Tailigu[1]:1(2-3-5-7-9-10-11-13-15-17-18-19- 20-21-22 -

2324 -27-29).
Tai liéu [2]: Tr 35-38: 6, 9, 10, 12, 13, 15, 21, 25, 29, 30, 33 (stra 10% thanh
7%).




CHUONG II

Tailigu[1]: 2(1-2-3-4-5-6-7-8—-9- 10-11-12-14-16-
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CHUONG V

Tai liéu [2]: Tr187-189: 3,4, 6, 8, 10, 14, 16, 17, 22, 26, 28

CAU TRUC PE THI, CACH THUC CHO PIEM

Céu sb vé phz}‘u} S6 diém
1 Ly thuyét 2.0
2 Chuong 1 2.0
3 Chuong 2, chuong 3 2.0
4 Chuong 4 2.0
5 Kiém dinh doc 1ap, TQ, HQ 2.0

Diém bai thi 10d
Piém qua trinh 10d
Diém chuyén can 10d
Tong diém = diém chuyén can x 10% 10d
+ diém qua trinh x 20% + diém bai thi x 70%

Hinh thire thi: Thi viét

Bau I6p truomg 16p hoc phan. Két qua:
S6 dién thoai gido vién:

Pia chi Email can:

Webside can:

Chuong 1
BIEN CO, XAC SUAT BIEN CO
§ 1.1. XAC SUAT BIEN CO (2 tiét)
1.1.1.Thi nghiém ngiu nhién, bién cd, khong gian miu




Dijnh nghia. Thi nghiém ngu nhién 1a thi nghiém & d6 két qua ¢ dau ra
khong dugc xac dinh duy nhat tir nhirng hi€u biét vé dau vao.

Két qua o dé}u ra cua thi nghiém dugc quy dinh la két qua don, khong phén
tach duoc, rpéi }ﬁn thl}l’ chi c6 mot két qua. Vi thé ta hay g(_)i’ ching l1a nhitng két
cuc (hay bién cd so cap), ky hi€u béi £ hay thém vao chi so: &4, &y, ...

Tap tat cd nhitng két cuc ¢6 the ¢6 ctia mdt thi nghiém ngéu nhién, ky hiéu
boi S (nhi€u tai li€u viet 1a Q), dugc goi 1a khong gian mau (hay tap vii tru) cia
thi nghi¢m do.

Hop thanh cua cac két cuc nao do, chinh la 1 tap con cua S, dugc goi la mot
blen co. Ban than tdp S cling la mot bién cd, dugc goi 13 bién ¢b chic chan Bién
) trong khgng 9hu’a bat 013: két cuc gao, ky ‘h1¢u boi @ , duoc goi la bién cb ]:)at ’
kha (hay bién c6 khong thé). Bién co {¢} gom mot két cuc ¢ dugc goi 1a bién co
so cip, dé don gian van duoc ky kiéu 1a ¢. Cac bién cb dugc ky hiéu béi chir cai
in hogc thém chi s6: A,B,...,A;,A,,...Chung ta c6 thé thé hién bién c6 bang cach
liét ké cac két cuc hgéc géu cac thugf)c tinh cua no, tat ca duoc viét trong dél{ ’
ngodc nhon { . }. Néu két qua cua lan thir ndo dé 1a £ va { e A thi ta noi bién co
A xay ra & lan thir nay.

Khong gie}n mau c6 mot sb hitu han hodc gém duoc céac két cuc dugc goi la
khong gian mau roi rac; trai lai, khong gian mau dugc goi 1a lién tuc.

Vi du 1.1. Tim khong gian miu cua thi nghiém tung dong tién

i)1 1an; ii) 2 1an.
Gidi. 1) Hai két cuc c6 thé: ngira N va sip S. VAy S={N, S}.
ii) S={NN, NS, SN, SS}.

Nhu vay & truong hop ii) khong gian mau c6 4 két cuc, ciing c¢6 dung 4 bién
cd so cap. Ca thay gom 2* =16 bién co:

,{NN},{NS},{SN},{SS},{NN,NS},...,{NN, NS, SN, SS}.

Néi chung, néu khéng gian mau co N két cuc thi co ca thay 2" bién cb.
Mot s6 bién cd quan tm co thé 1a:
= {nglra ¢ lan ddu} = { NN, NS}
B = {chico | lan ngira} = {NS, SN},
C = {itnhat I lin ngtra} = {NN, NS, SN}, ... #
Vi du 1.2. Tung ddng tién dén khi xuat hién mat sip thi ding lai.
Déi v6i thi nghiém nay chung ta dat
£, =S, §,=NS,...,,, =NN...NS (n—11an N).
Khong gian mau 12 S={¢,, Cs,....C,psenn} -
Tuy nhién, né~u ta chi quan tim dén s 1an tung dong tién can thiét thi c6 thé
xét khong gian mau 1a S={1,2,3,...} .
V6i thi nghiém nay, khong gian mau gian doan, c6 vo han két cuc. Mot sd
bién ¢b quan tam co thé 1a:
= {s6 lan tung 1a chin}, C = {s6 lan tung tir 5 dén 10},
B = {s6 lan tung < 10}, D = {s6 lan tung bang 1,4} =& #
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Vi du 1.3. Céc chip dién tir dugc san xuat bang cach cdy cac ion vao sau
trong mang silicon dioxide (S,0,). Qué trinh cAy mang ban chat ngﬁu nhién, mot
sO ion vao sau hon so v&i du dinh, s6 khac thi khong. ‘Thi nghiém ngau nhién c6
thé xét dén o day 1a do siu (theo pm) cua ion dugc cay vao mang silicon thé nao.

Viy c6 thé chon S =[0; 20]. Khong glan mau vo han, hon nira lién tuc. #
Chung ta muon gan moi bién cd A v6i mot sb - ky hi¢u la P(A), goi la xac

suét ciia bién cd A - dic trung cho kha ning xay ra bién cd A trong mdi 1an thir.
Viéc gan d6 phai thoa man cac tinh chat ty nhién sau day.

P(A)>0. (1.1.1)

P(S)=1. (1.1.2)
Néu A va B 14 hai bién c6 xung khic thi

P(A+B)=P(A)+P(B). (1.1.3)

1.1.2. Pinh nghia cb dién vé xac suat

Gia sir‘déi v&i mot thi nghiém ngau nhién nao d6 co6 ca thay N két cuc va
chung la dong kha nang. Hon nira, gia st rang c6 n, két cuc la thuan loi cho
bién cd A (nghia la biég cérA xay ra khi va chi khi mot trong cac két cuc nay
xdy ra). Xac suat cua bién c6 A dugc xac dinh bdi
Na _ S kQ coc thubn 7 |
N  Tamg s¢ kQ cdc ®ang khfn"ng
Vi du 1.4. Trong binh co a qué cau trang, b qua cau den (a >0, b>0) voi

trong luong, kich thude gidng hét nhau. Lic déu r6i 1dy ngau nhién 1 qua. Tim
xé4c suat dé qua cau lay dugc ¢6 mau trang.

P(A) = (1.1.4)

Gidi. Rd rang sb két cuc dong kha ning 1a a + b. Pit A = {rat duoc qua cau
trang} thi c6 a két cuc thuan loi cho A (A xay ra khi va chi khi rat duoc 1 trong a
qua cau trang). Tt dinh nghia P(A)=a/(a+b).

#

Vidy 1.5. Mot hop co 10 san pham trong do ¢6 6 chinh pham (va 4 phé
pham). Liy ngau nhién tir hop 3 san pham. Tim xac suat dé:

i) Ca 3 san pham déu chinh pham; ii) C6 dtng 2 chinh pham.

Gidi. Pat A = {ca 3 san pham rat dugc déu 1a chinh phdm};
B = {Ruat duoc dung 2 chinh pham}.
S6 két cuc ddng kha ning chinh 1a s6 cach rat 3 san pham tir 10 san pham
hay Cj, cach.
i) S6 két cuc thuan loi cho A 1a C;. Vay
P(A)=C}/C},=1/6~0,167 (=16,7%).

ii) Hai chinh phdm dugc rat trong 6 chinh pham, vdy c6 C2 cach.
Mot phé pham duogc rat trong 4 phé pham, vay co C cach.

S6 két cuc thuén loi cho B 1a Cé C4 y P(B)= ﬁ % #
1o



Vi dy 1.6. Trong mét cude lién hoan mot t6 gom 10 nguoi ngoi quanh mot
chlec ban tron mot cach ngdu ngién. Tim x4c suat dé to trudong A va td pho B
ngdi canh nhau.

~ Giai. Ching ta danh s6 ghé ngdi tur 1 dén 10 va coi 2 cach ngdi 1a khac nhau
néu co it nhat 1 cho thay co6 2 nguoi ngoi khac nhau.

Sb két cuc (ddng kha niang) 1a 10! (10 nguoi ngdi vao 10 chd).

Dé tinh‘sé két cuc thuan loi, ta xép A ngdi tuy y vao 1 trong 10 phé (10
cach); B ng0i vao 1 trong 2 cho canh A (2 cach); 8 nguoi con lai ngoi tuy y vao 8
cho con lai (8! cach). SO két cuc thuan lgi 1a 10. 2. 8!. Ta nhan dugc

P(B)=10.2.8!/10!=2/9. #

Xdc sud’t~ hinh hoc. Néu thi nghi¢m ngﬁu nhién c6 thé cho tuong Gmg voi
viéc gieo ngau nhién 1 diém tuy y trén mién hinh hoc G sao cho kha nang dé
diém do roi vao mién g < G ty 1€ vai dién tich ciia mién nay, khong phu thudc
vao vi tri tuong dbi cua g voi G ciing nhu vao hinh dang cua né. Khi d6, xac suit
bién cd A cho boi
S @ midhg,

SR mhG
trong 40 g, : mién Gng véi bién cd A,

P(A) = (1.1.5)

sd do: do dai, dién tich, thé tich (trong tng trong R!, R?, R?).

Nhdn xét. Trong dinh nghia c6 dién cac phép thir chi 13 gia dinh, ta khong
phai thuc hién bat ky phép thtr nao; cac xac suat la tién nghi¢m, dugc suy doan
mot cach 16gic tir tinh d6i xing. Pinh nghia thod man cac doi héi (1.1.1) -
(1.1.3).

Tuy nhién, dinh nghia c¢6 nhiéu nhuoc diém. Trong dinh nghia c6 tir dong
kha nang, mot trong nhitng khai niém ma ta dang can xay dung. Nhu da thay,
di€u nay gay kho khan khi xac dinh n, va N.

Mic dau da cai thién tinh hinh, song x4c sut hinh hoc van chua giai quyét
dugc truong hop cac két cuc khong dong kha nang.

1.1.3. Pinh nghia x4c suét biang tin suit
Lap lai mot thi nghi¢m nao do n lan va gia s bién cb A da cho xuét hién n A lan.

£ SN A A , 4 1 S s A A ) -
S6 n, duoc goi 14 tan s, con ty s0 —2 duge goi la tan suat (hay tan s6 twong doi)
n

xuat hién bién ¢ A trong n 1an thtr do.
Vi du 1.9. Tién hanh tung dong tién can d6i mot cach vo tu nhit ngudi ta thu
duoc két qua

Nguoi lam thi Sb lan tung | S lﬁp mat | Tan suit
nghiém sap
Buffon 4 040 2 048 0,5069
Pearson 12 000 6019 0,5016
Pearson 24 000 12012 0,5005
Khi sO phép thu tang 1€n vo han, ta hy vong tan suat d?m dép 0,5,‘36’) nay
duoc lay lam x4c suat cua bién ¢ hién mat sap khi tung dong tién 1 1an. #



N6i chung, tin suat thay doi tir loat thir nay sang loat thir khac. Tuy nhién khi n
tang, tan suat c6 tinh 6n dinh, n6 dudng nhu dao dong quanh s6 p nao dé. S6 co6 dinh
p d6 dugc xem 1a x4c suat cua bién co A.

. ~ e s A 4, 1 . o A A c1N 7
Dinh nghia. Gi6i han cia tan suat —A khi n ting 1én v6 han duoc goi la xac
n

sudt ctia bién cd A theo nghia thong ké (hay theo tan suét):
P(A) = lim 2A . (1.1.6)
n—w N

Theo dinh nghia nay, khi n 1én, ta c¢6 thé dung xap xi
P(A)~ A (1.1.7)
n

1.1.4. Mbi quan h¢ giira cac bién cd, phép toan trén bién c6

Nhu d4 no6i, khong gian mau S 13 tip tit ca cac két cuc ¢ cua mot thi nghiém
ngﬁu phién; Moi }ép con cua S 1:21 mot bién cd; ban than S 1a bién cb, goi la bién
c0 chac chan. Bién co khong thé ky hi¢u la &.

a) Hop cdc bién cé.

Bién ¢ C goi 1a hop cua hai bién cdAvaB vata viét C=A+B hoic
C=AuUB, néu trong mot lan thtr bat ky (sau day dé don gian ta s€ bo cum tur
nay), bién c6 C xay ra khi va chi khi hodc A, hodc B, hodc ca A va B déu xay ra
(xem lugc d6 Venn ¢ Hinh 1.2(a)).

Chung ta dé dang hiéu ¥ nghia hop cta n bién cd, duoc ky hiéu bai mot
trong nhiing cach sau:

n n
Aj+A,+. A AJUA, ULUA YA A,
i=1 i=1

b) Kéo theo. Bién c6 A dugc goi 1a kéo theo bién ¢b B, ky hiéu A < B, néu bién
cO A xay ra thi bién c6 B xdy ra (xem lugc d6 Venn ¢ Hinh 1.2(b)).
¢) Bién co xung lghcfc. Hai bién c¢6 A va B duogc goi la xung khic néu bién 96 A
xay ra thi bién c6 B khong xay ra va nguoc lai, néu bién c6 B xdy ra thi bién c6
A khong xdy ra (xem Hinh 1.2(c)).

Tong quat, cac bién ¢ A, A,,...,A, dugc goi 1a xung khic timg d6i néu bat
ky 2 bién c¢d ndo trong chiing ciing 1a xung khic.
d) Bién c6 doi. Bién c6 B duoc goi 1a bién cb dbi (hay phan bu) cia bién cb A, va
ta viét B=A , néu chiing xung khic va hop cua ching 1a bién c¢6 chic chin (xem
Hinh 1.2(d)). Nhu vay,

AUA=S; A, A xung khic. R3 rang, A=A.

e) Giao 2 bién co. Bién ¢6 C ggi 1a giao (hay tich) cia hai bién c0 A va B, va ta
viet C=AnB (hay C=AB) néu C xdy ra khi va chi khi cad A va B déu xay ra
(xem Hinh 1.2(e)).

Tong quat, bién ¢ A duge goi la giao (hay tich) ciia cac bién ¢d A,,..., A,
néu A xay ra khi va chi khi moi bién ¢d A,,..., A, déu xay ra.

Tich cac bién c6 dugc ky hi¢u b1 mot trong nhiing céach sau:



AALLAG ANA, N NA,; HA ﬂA
i=1 i=1

/) Hiéu 2 bién c6. A-B, (xem Hinh 1.2(f)).

P S

& B 1 B )

A & A
c) )
& AP (el & B i)

Hinh 1.2. Luoc do Venn: (a) hop 2 bién co (b) keo theo; (¢) xung khic; (d)
bién c6 ddi; (e) giao 2 bién cb; (f) hiéu 2 bién cb.

Quy tic Po Moocging (De Morgan):
i))AUB=ANB; ANB=AUB; (1.1.8)

ii)B—(OAijzﬁ(B—Ai); B—@AiJ:O(B—Ai); (1.1.9)

i=1 i=1

(B-A;): B [ﬂAj U(B=A,). (1.1.10)

iii)B— (UA jz
i=1
Vi du 1.10. Rut 1 quan bai ta lo kho. Xét cac bién cb:
A={Rut dugc quan den}; B={rut dugc quan do};
C={Rut duoc quan co c6 s6}; D={ Rt duoc quan co tir 9 tr& 1én}.
Khi d6, A va C xung khic; B=A, CcB;
CuD = {Rut dugc quan co}; CnD = {Rut dugc 9 co hodc 10 co};
C-D = { Rt duoc quan co tir 2 dén 8} ... #
1.1.5. Pinh nghia xic suit theo tién dé

ED8

a) - dai s.
Pinh nghia. Ho F khéc tréng cac bién cb ctia khong gian miu S dugc goi 1a
mot dai s6 (hay trudng) néu né thoa mén cac tinh chét: i) Se &F;
i) AeF =>Ae &F;
iii) A, BeF=>AuUBe F.

Y tuwong cua tinh chét ii) va iii) 12 & chd, mdi dai s6 dong voi phep 1y phan
bu, 14y hop. Ngoai ra, bang nhiing suy dién don gian va tir quy tic De Morgan ta
8



thay rang @ e F. F ciing dong voi phép 1y hop, giao, phan bu mot sd hiru han
14n cac phan tir ciia n6 theo mot thir tw bat ky.

Vidy, néu A,B,C,D e F thi
(B+C)U[DU(C—A)]-AnDe F.
Pinh nghia. Néu ngoai cac tinh chat i-iii, ho F con co tinh chét
i) Ay, A,y,..eF =JA e F,
i=1
thi F dugc goi 13 o - dai sb (hodc o -truong).

Vi du 1.11. Nhém cac bién ¢b {A4,..., A} duoc goi 1a day du néu:

i) Chiing xung khic timg doi: AR =D (i#]);

ii) Hop cila chung 13 bién c6 chac chan: Aju..UA, =S,

Néu nhom cac bién cb {A4,...,A,} 1a ddy du thi dai s sinh bdi nhém nay rat
don gian: Moi phﬁn tir cua dai sb do 1a hop mat s6 hitu han céc bién c¢b nao do
trong ho da cho. #

Vidu 1.12 (- dai s6 Borel) (xem [1])

b) Cdc tién dé xdc sudt.
Pinh nghia. Gia st (S, F) 12 bd gdm khong gian mau S va dai sé F cac bién

6 cua S. Xac suat P(.) 1a mot ham tap trén F va thoa man cac tién dé sau day:

I. P(A)>0, VAe F (1.1.11)
ILP@S)=1 (1.1.12)
III.A,Be F; A, B xung khic thi

P(A +B)=P(A)+P(B). (1.1.13)

Trong truong hop F 14 o - dai s6, thay cho III 1a
I1Ta. Néu day cac bién ¢b A, A,,...xung khic ting d6i thi

Pinh nghia. Bo ba (S, F, P) bao gdbm khong gian mau S, dai sé (hay o - dai
s0) F va xac suat P(.) duoc goi 1a khong gian xéac suat.

MG&i thi nghiém ngiu nhién duoc mo hinh hoa béi mot khong gian xac sut
(S, F, P) nao do.

~ Turnay, khi noi dén bién cd A nao d6 thi ta hiéu d6 13 phan tir cua ho cac dai

s0 hodc o - dai s0 nao do trong khong gian xac suat nao do.

Cling c6 thé thay ré‘ng, dinh nghia x4c suét theo tn suét 1a trudng hop riéng
cua x4c suat theo tién deé.
1.1.6. Cac tinh chit ciia xac suat

1) P(D)=0

2) P(A)=1-P(A); P(A)=1-P(A).

9



3) A va B xung khic thi
P(A+B)=P(A)+P(B).

3a) A,,...,A, xung khac timg doi thi
P(A;+...+A,)=P(A)+..+P(A,).

3b) A, B tuy y thi
P(A+B)=P(A)+P(B)-P(AB).

3¢) A,B, C tuy y thi

P(A+B+C)=P(A)+P(B)+P(C)
~[P(AB)+P(AC)+P(BC)]+P(ABC)"
3d) VA,,..,A,, P(iAij = iP(Ai)— >, P(AA)+
i=1 i=n I<i<j<n

+ Y PAAA)- .. +(D"PALA)).

I<i<j<k<n
4) AcB = P(A)<P(B).
5) P(A)<1.
6) P(A+B)<P(A)+P(B).

Churng minh. O

Tinh chat 2 dugc mang tén 13 “chuyén qua bién ¢ d6i”: Néu thdy kho khin

khi tinh xac suat truc ti€p, c6 thé s€ dé hon néu ta tinh xac suat cua bién c6 doi.
Cac tinh chat 3, 3a — 3d goi la quy tac cdng xac suat.

Hai tinh chit 7, 8 sau day - duoc goi 1a tinh chét lién tuc ctia xac suét - phai

dung dén tién dé Illa.

7)Néu A, A,,...1a dy ting cac bién cd: A, e F, A,c A, ..., thi

A=JA, e Fva

n=l

P(A)=P(6Aij= lim P(A,).

n=l

8) Néu A,,A,,...1a diy giam cac bién c: A, e F, A, > A, >..., thi

A=A, e F va

i=l1

P(A) = P[ﬁAnj = lim P(A,).

i=l1

1.1.7. Suy dién x4ac suit

Trong Umg dung ciia Iy thuyét xac suét, ta hay giap van d¢ sau:
Gia str bang cach nao d6, thong qua nhitng quan sat cua qua kht, chung ta

biét dugc rang xac suat ciia bién ¢ A trong mot thi nghiém 1a p=P(A) €[0; 1].
Ta c6 thé noi gi vé su xay ra ctia bién cb A trong 1 1an thir don 1¢ tiép theo?

Vé van dé nay, chung ta tach 1am 3 truong hop sau day.
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i) Truong hop p kha gan 0. Mot bién c6 c6 xac suat rat nho, tham chi bang
khong van c6 thé xay ra khi thuc hién phép thir. Tuy nhién, nguoi ta chép nhan
nguyén 1y sau day, goi 1a nguyén ly xac suat nhé:

Mot bién cé 6 xdc sudt rat nhé thi thuc té ¢é thé coi rcing, bién cé dé sé
khong xay ra trong mot (hoac mot vai) phép thu tuong lai.

Mot bjén 96 co thé coi 1a ¢ x4c suit nho tu}‘{ thudc vao bai toép cu thé. Vi
du, xac suat dé ,1 cl}uyén bay chd khach b1 nan l?éng 0,01 khong thé cgi la nhd.
Trai lai, xac suat d€ tau hoa duong dai vé ga cu6i cham qua 15 phut bang 0,05 lai
coi la nho va c6 thé xem tau hoa nhu thé 1a dung gio.

Xac suat nho thuong duge chon trong khoang 0,00001 = 0,1, vi du 0,001;
0,005; 0,01; 0,02; 0,05; 0,1.

ii) Truong hop p khd gan 1. Tuong ty ngudi ta c6 nguyén 1y xac suét 16m
sau day:

’ Néu bién co nngu nhién cé xdc sudt rat Iém, thi thuc 1é c6 thé coi rcing, bién
co do sé xay ra trong mot (hodac mot vai) phép thur twong lai.

iii) Truong hop p khd xa 0 va 1.

Vidu p(A)=0,6. (xem [1])

§1.2. XAC SUAT PIEU KIEN (1 tiét)

1.2.1. Xac suét diéu kién

Pinh nghia. Cho trude hai bién ¢ A, B véi P(A)> 0. Xac suat ciia bién ¢6 B
tinh trong diéu kién bién cb A da xay ra dugc goi la xac suét diéu kién cua bién
c0 B voi dicu kién A, ky hi¢u 1a P(B|A), x4c dinh bdi

P(BJ|A)= %, (P(A)>0). (1.2.1)

MBS ta x4ac suét djeu kién bang lugc dd Venn cho & Hinh 1.3. Xét thi nghi¢m
gico ngau nhién 1 diém trén mién G va gia sur da biet diém do roi vao mién A.
Khi d6, kha nang diém doé roi vao mién B la

didh t¥hmihA N B @_D
diGh teh mih A

A AB B

Hinh 1.3
MG td bang tan sudt. Ky hidu na,ng,nag 1an luot 14 s6 1an xay ra bién cb A
trong loat n phép thur véi n du l6n.
N n n n
Xemrang P(A)=—2; PB)=-2; PAB)=-28
n n

AB) _ nAB/n _ NaB

=P(BJA)= = = :
(BIA) P(A)  np/n  np
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Co6 thé kiém tra dinh nghia nay thoa man cac tién dé 1, IL, 111 (hoac Il1,) cua
xac suit, do do, nd cling 1a mét xac suét. Vi thé né c6 céc tinh chat ctia xac sudt
thong thuong; vi du, P(B|A)=1-P(B|A). Sau day la mot s tinh chit truc tiép
suy tir dinh nghfa. ’

Dinh ly 1.1 (Dinh ly nhan xac suat).

Néu P(B)=0 thx P(AB)=P(A|B)P(B). (1.2.2)

Dinh Iy 1.2 (Dinh 1y nhdn xdc sudt tong quat).

P(A1A2...Ap)=P(Aq) P(Az | A1) P(A3z|AA2)

n|A1A2...A,n_1). (1.2.3)

Ching minh (1.2.3) theo quy nap. , o o

Vidy 1.14. Gieo dong thoi 2 con xuc xdc. Tinh xac suat dé tong s6 not trén 2
con xuc xac > 10 biét rang it nhat 1 con ra not 5.

Gidi. A = {it nhat 1 con ra n6t 5}; B = {tong s6 ndt >10}.

P(A)=1-P(A)=1-(5/6)" =11/36.
AB ={(5;6); (6;5); (5;5)} = P(AB)=3/36
= P(B|A)=P(AB)/ P(A)=3/11. #

Vidy 1.15. Trong mot hop co6 3 truc loai I va 7 truc loai II. Nguoi thg lap
may rat ngau nhién mot chiéc sau d6 rut ngau nhién chiéc thtr hai. Tinh x4c suét
dé chiéc tha nhat 1a truc loai 1 con chiéc tht hai 1a truc loai I1.

Gidi. Pat A = {Chiéc thir nhét loai I}; B = {Chiéc th hai loai II}.

(Ta phai hiéu A 14 bién cb chiéc tht nhét rat duoc 1a truc loai I, con chiée thir
hai bat ky, loai nao cﬁng duoc...). Xac sut can tim 1a

P(AB) = B|A (3/10)(7/9)=7/30~0,233.

Doc gia cling co the giai bang cach sir dung dinh nghia xac suit c6 dién khi
xét thi nghiém rat 2 phén tir c6 thi ty tir 10 phan tir . #

1.2.2. Cong thirc x4c suét toan phin, cong thirc Bayes

Chung ta nhic lai (tr Vi du 1.11) ring, nhém cac bién cé dugc goi la day du
néu chiing xung khic timg d6i va hop cua chung 13 bién c6 chic chan.

Dinh ly 1.3 (Cong thirc xdc sudt toan phan). Gia st A4, A,,...,A,, 1a nhom
day du cac bién ¢ con B 1a bién cb bat ky. Khi dé:

P(B)=P(B|A{)P(A¢)+ .. +P(B|A,)PA,). (1.2.4)

Churng minh. Ta c6
B=BS=B(A{+..+A,)=BA;+ .. +BA,.
Céc bién cd Aq,A,,..., A, 1a xung khéc timg d6i nén BA,...,BA,, ciing xung
khic tirng ddi (xem luge dd Venn ¢ Hinh 1.4).




Hinh 1.4. Sw phén chia bién c6 B thanh cdc bién cé xung khdc.
Tt Pinh ly cong va DPinh Iy nhan ta dugc:
P(B)=P(BA )+ ...+ P(BA,))
=P(B|A1)P(A¢)+ ... +P(B|A,)P(A,) O
Dinh ly 1.4 (Cong thirc Bayes)
Néu P(B)>0va nhom cac bién cb Ay A LA, LR dﬁy du thi

P(A | B) = P(B| A))P(A;) P(B| A;)P(A)) (1.2.5)
e P(B) ~ P(B|A})P(Ay)+..+P(B|A)PA,)
Biet P(B) Chua biet P(B)

Churng minh. Theo dinh nghia,
P(BA;) P(B|A;)P(A))
PB)  PB)

Chi viéc thay P(B) 6 (1.2.4) vao mAau & vé phai . O

Luu y. Néu phép thir gdm hai giai doan thi cac bién cd lién quan dén giai
doan dau thuong dugc xem xét dé 1ap nén nhom day du cac bién cd.

Vidu 1.16. C6 3 hop bé ngoai glong hét nhau. Cac hop chira lan luot 10, 15,

20 san pham va mdi hop déu co 5 phé pham. Lay ngau nhién 1 hop, tir d6 rat
ngau nhién 1 san pham.

a) Tinh x4c suat léy dugc chinh phém

b) Kiém tra thi thiy san phim lay duoc dang 1a chinh pham. Tinh x4c suat dé
san pham d6 dugc rut tur hop thir nhat.

Giai. a) Dat = {San pham lay duoc tir hop thiri},i=1,2,3;

A = {Rt dugc chinh pham}.
R& rang Hy,Hy,Hs 1a nhém day di cac bién cb; hon nita ching dong kha

P(A;|B)=

nang, vay P(H4)= P(H2) =P(H3)=1/3. Theo cong thirc xac suit toan phan
P(A) = A‘ 1)+PA‘H2 H2)+P(A|H3)P(H3)

15 110 116 28 _ o0

310 3 15 320 36
b) P(H1|A):P(A|H1)P(H1)_ ® _0,261. #
P(A) 23

Vi du 1.17. Day chuyén lap rap nhan cac chi tiét tir 2 may san xuat ra. Trung
binh may tht nhat cung cip 60% chi tiét, may thtr hai 40% . Khoang 90% chi tiét
do may I va khoang 40% chi tiét do may II san xuét ra dat tiéu chuan. Liy ngau
nhién 1 chi tiét tir diy chuyén thi thay dat yéu cau. Tim xac suét dé chi tiét d6 tur
may I san xuét ra.

Gidi. Hai bién c6 H; = {Chi tiét do may I san sut ra}, (i=1,2) 1ap thanh
nhom day du. PatA = {Chi tiét 1y ra dat tiéu chuan)} ...

Theo cong thirc Bayes,

P(A|H4)P(H,)

PFi[A)= P(A[H1)P(H1)+ P(A[H2)P(H,)

=0,771. #
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Vi du 1.18. C6 2 16ng chudt thi nghiém, 16ng tht nhat c6 10 con chudt duc
va 15 con chuot cai, léng tht 11 ¢6 8 con chudt duc va 7 con chudt cai. Bt 1 con
tir 16ng I dua sang 10ng I1; sau d6 bat 1 con tir 1ong II thi dugc con chudt dyc.
Tinh x4c suat dé con bt duoc nay tir 1ong 1.

Gidi. Dat A; = {Bit lan hai duoc chudt tir 16ng i}, i= 1, 2; Aq,A, 1a nhom
day du. Lai dit B = {Bit 1an hai dugc chudt duc}.

P(A1|B)= P(B|A1).P(A1)
P(B|A1)-P(A1)+P(B|A,).P(A,)

=0.769 #

§1.3. SUDOC LAP (1 tiét)

1.3.1. Sy ddc lap ciia 2 bién cb
Pinh nghia. Ta goi hai bién cb A va B 1a doc 1ap néu
P(AB) = P(A)P(B). (1.3.1)
R rang 1a véi bién c¢b A bat ky thi
P(SA) = P(S)P(A);
P(GA) =P(J)P(A).
Vay bién cé chac cllén Sva ‘pién c¢d trong @ doc 1ap véi bién cb bat ky.
Hai tinh chat sau dé dang kiém chung.
Tinh chit
a) Gia st P(B)=0, A va B doc lap < P(A|B)=P(A).

Gia stt P(B)#0, A va B doc lap < P(A \E) ~P(A).(1.3.3)
b) Gia sir P(A)=0, A va B doc 1ap < P(B|A)=P(B);
Gia stt P(A)#0, A va B doc 1ap P(B\K) - P(B). (1.3.4)

Y nghia. Tinh chét (1.3.3), (1.3.4) néi 1én rang, néu 2 bién cb 1a doc 1ap thi
su xudt hién hay khong cua bién cb nay khong anh hudng dén kha ning xuat hién
ctia bién c6 kia. Thuyc té, tiéu chuan tryc giac ndy dung dé xét xem 2 bién cb da
cho c6 ddc lap voi nhau hay khong.

H¢ qud. Néu A va B 13 hai bién ¢6 doc lap thi A va B; A vuB; A vuB
cling 1a nhimg cip bién ¢ doc lap.

Vi du 1.19. Hai chi A va B ciing dén nha ho sinh dé sinh con. Pat

A = {Chi A sinh con trai}; B = {Chi B sinh con trai}.

Tim x4c sut ca hai chi déu sinh con trai. RS rang dii A xay ra hay A xay ra
thi kha ning sinh con trai ctia chi B vAn khong bi anh hudng. Vay ta coi hai bién
¢ A va B 1a doc 1ap, hon nira coi la d@)ng kha nang. Tur d6 kha nang ca hai chi
sinh con trai la

(13.2)

P(AB)=P(A)P(B)~ (1/2)(1/2)=1/4. #
b) Théo luin
c) Tu hoc
d) Bai tap chuin | Bai tip vé nha cho ci chwong I
bi toi thiéu Tailiéu[1]: 1(2-3-5-7-9-10-11-13 151718
—-19- 20-21-22-23-24-27-29).
Tai liéu [2]: Tr 35-38: 6,9, 10, 12, 13, 15, 21, 25, 29, 30, 33
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(stra 10% thanh 7%).

Tai liéu

Tai liéu [1], tr....
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Chuong, muc: 1
Tiét thir: 5-8 Tuén thir: 2
Muc dich, yéu cau:
e Nim duogc cong thuc Bernoulli va mot s6 bién dang cua no.
e Biét cach van dung Iy thuyét dé lam bai tap.
- Hinh thire t6 chire day hoc:
Hinh thirc chu yéu: Ly thuyét, thdo luén - ty hoc, tu nghién ctru
- Thoi gian:
Ly thuyét, thdo luan: 4t - Ty hoc, tu nghién ctru: 4t
- Dia diém:
Giang duong do P2 phan cong.
- Nogi dung chinh:
§1.3. Sy doc 1ap (tiép) : Phép thir lap va cong thirc Bernoulli
Bai tap xac suét cua bién ¢, xac suat diéu kién

1.3.2. Sy ddc lap ciia n bién ¢

Binh nghia. o
Tinh chat. Néu A4, Ao,...,A,, 1a nhitng bién c6 ddc lap thi
P(A1..A,)=PAq)...PAp). (1.3.5)

Vi dy 1.20. Mot xi nghiép ¢6 3 6 t6 hoat dong doc 1ap. Xac suat dé trong
ngay cac 0 to6 nay bi hong lan luot 1a 0,1; 0,2; 0,3. Tim xac suat d€ trong ngay
co:

i) dung 1 6 t6 bi hong; ii) it nhat 1 6 t6 bi hong.
Giai. Dat A; ={n= t« thgi bbPhang trong nguy};
A ={Ca ®&ng 1 « t« bbhang};
H ={Ca Y nh& 1 « t« bbhang}.
) Taco A=A1A, Ag+A; Ay Ag+A  AyAs.
- Cac bién ¢ & vé phai 12 xung khic timg d6i, mdi sé hang 12 tich cua cac bién
cO doc lap. Tu do
P(A)=P(A1Az A3)+P(A1 Ay Az)+P(A1 Ay Aj)

= P(A{)P(A2)P(A3)+ P(A;)P(A,) P(A3) + P(A{)P(A ;) P(A3) = 0,398

i1) bat B={Ca 2 « t« bbhang}; C={Ca 3 « t« bbhang} .
Céc bién ¢ A, B, C xung khéc, vay
D=A+B+C=A+ (AjA,A3+AAA;+AALAz)+AAA;.

Giéng nhu trqén ta tinh duogc P(D) = Q,496. o

Nhan xét. Bé tinh P(D) ta c6 thé chuyén qua bién c6 d6i nhu sau.
D ={Trong nguy c3 « t« @A tet} = A; A, As.
P(D)=P(A{)P(A,)P(A3)=0,9.0,8.0,7 = 0,504

— P(D)=1-P(D) = 0,496. #
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1.3.3. Day cac phép thir Bernoulli
Pinh nghia. D6i v6i thi nghiém ngiu nhién nao d6 ching ta thue hién n lan
thur 1ap lai. Chung ta goi ddy cac phep thur nay la day cac phép thir Bernoulli néu
thoa man cac diéu kién sau: , N
1) bay la day cac phép thur doc 1ap, nghia la két qua cuia moi phép thir khong
phu thudc vao két qua cua cac phép thur khac.
i) Bién ¢6 A xay ra voi xac suat p nhu nhau ¢ phép thur thir 1 bat ky.
Néu bién c6 A xay ra ¢ phep thir thi 1, ta noi phép thur thir i thanh cong.
Trai lai, néu n6 khong xay ra ¢ phep thir thi i, ta noi phép thur nay that bai.
Dinh ly 1.5 (Cong thirc Bernoulli). Xac suat dé bién co A xuat hién dung k
lan trong day n phép thir Bernoulli, ky hi¢u la P,(k), hay day da hon P, (k,p),
dugc cho boi cong thire
P, (k) =P, (k;p) = Cp*(1-p)" ¥, k=0,1,....n.(1.3.6)
Chimg minh. Pt~ A; ={BiGvce A x{ly ra&ICh tho thai} ;
={BiG c¢ A xTly ra®ng k IGh}. Thé thi
B= A1A2'"Ak—_1p‘k_p‘k+1'"A_n+ "'+A1A2"'Ak—1A_kAk+1Ak+2"'A_n
N +.,..+A1 A2--;An—kAn—k+1---An- ) ,(137) i
Moi sO hang & vé phai (1.3.7) 1a tich cua cac bién c6 doc 1ap bao gom k thira
s A (v6i chi s6) va n—k thirasd A (voi chi sd); theo Dinh Iy nhéan va tir gia

thiét, nd s& c6 xac sudt pX(1—p)" . Mdi sé hang Gng véi 1 cach xép k chir cai A
vao n chd, vy co ca thay Cﬁ sd hang. Cac s hang 1a nhiing bién c¢6 xung khic.
Tur do

P(B) = P(A1A5.. Al (AL A 1AL+t PAT AL AL A iq-Ap)

=p(1-p)" +ap (=) = CRpf (-
Ngoai x4c suat B,(k), nguoi ta cling hay xét

ko
Paky k)= > Po(k) (1.3.8)
k=k1

1a x4c suat xay ra bién cd A véi s6 1an tir ky @h k.

Vi du 1.22. Bin 5 phat sung vao muc tiéu, xac suét trang dich cua mdi phat
13 0,2. Dé pha huy muc tiéu cin tir 3 phat trang dich tré 1én. Tinh x4c suit pha
huy muc tiéu.

Gidi. Xem nhu chiing ta da thuc hién diy 5 phép thir doc lap. Bién c6 muc tiéu
bi pha huy 13 bién ¢6 ¢6 3 phét tring dich tré 1én. Tl d6

P=PR5(3+5;0,2) = B5(3;0,2) + B5(4;0,2) + P5(5;0,2)
= c20,2%0,8%+C20,2%0,8' + C20,2°0,8° = 0,057.

Ciing c6 thé tra bang: P=0,051+0,006+0,000=0,057. #

Vi du 1.23. Gieo ngau nhién n diém trén khoang (0; T). Xéc suit dé co ding
k diém trén khoang (a;b) = (0; T) 14 bao nhiéu? Xét truong hop k=0; n.

Giai. Xem nhu ta thyc hién n phép thir doc 1ap, ¢ do phép thir don 1a gieo 1
lan 1 diém, bién c6 A 1a diém dcrn roi vao khoang (a; b) VOl x4c sudt
p=(b—a)/ T. Nhu vdy bién cd can tinh x4c suat 14 bién c6 {A xay ra dung k
lan}. Theo cong thirc Bernoulli,
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P=CKpK(1—p)" ¥, vii p(b-a)/T.
Khi k=0 thx P=(1-p)"; k=n thx P=p".
BAI TAP: Xac suit bién ¢b (1 tiét)
Xac suit diu kién (2 tiét)

b) Théo luin

c) Tu hoc

d) Bai tip chuin
bi toi thieu

Tai lidu Tai lidu [1], tr ....
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Chuong, muc: 2

Tiét thir: 9-12 Tuan th: 3
Muc dich, yéu cau:

e Thiy dugc nghién ciru BNN 1a sy tiép tuc cua bién cd.

e Tinh dugc ky vong, phuong sai cua cdc BNN lién tuc, roi rac
- Hinh thire té chire day hoc:

Hinh thure chu yéu: Ly thuyét, thao luan - ty hoc, tu nghién ctru
- Thoi gian:

Ly thuyét, thdo luan: 4t - Ty hoc, tu nghién ctru: 4t
- Dia diém:

Giang duong do P2 phan cong.
- Ngi dung chinh:

Bai tap chuong 1 (1 tiét)

Chuong 2. Bién ngau nhién

§2.1. Bién ngau nhién va luat phan b

§ 2.2. Cac dic trung sb cta bién ngau nhién

BAI TAP: Su djc lap (1 tiét)
Chuong 2
BIEN NGAU NHIEN

§2.1. BIEN NGAU NHIEN VA LUAT PHAN BO (2tiét)
2.1.1. Mé diu

Thong thudng ngudi ta hiéu bién ng:flu nhién (BNN) (random variable) 1a dai
lugng ma gid tri ciia né phuy thudc vao két qua ngau nhién cua phép thir.

Dinh nghia. (Pinh nghia chinh x4c xem [1])

, Néu tap gié,tri hﬁ’u han hay vo haq dém dugc thi BNN duoc goi la ro1 rac.

Neéu tap gia tri 1ap day mot hoac mot so6 khoang thi BNN duoc goi 1a lién tuc.

Thudng nguoi ta ky hiéu BNN boi chir cai in hoa: X, Y, Z,... hodc ¢6 thém
chi s0: X4, X5, ...

Nhu vay, BNN khong phai la biér} s6 doc 1ap, n6 1a ham sd; ham nay xac
dinh trén khong gian céc bién ¢ so cap S.

Khi d6 véi bat ky x,x4,x € R cho trudc, cac tip con sau diy cua S:

(X=x)={C:X(©) =x],
(X=x)={C: X(©)=x],
(X>x)={C: X(©)>x],
(x; <X<x,)= {C:x1<X(C)SX2},

(XeB)={{:X(£)eB}, B -tap (do duoc) tuy y cia R

l1a nhitng bién ¢4, muodn (va co the) tinh xac suat.
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Do1 hoi do dugc ciia BNN mang tinh chat toan hoc thuan tuy, c6 thé bo qua
trong nhitng bai toan thuc tién.

Vidu 2.1. Tung con )\(1'10 Xac pﬁn giéi,; mdi nodt trén mat con xtc xdc duoc
thuéng 10 USD. bét X bang 10 1an s6 not trén mat con xuc xac, X 1a mdt BNN.

Ta mo6 ta ky hon BNN nay. Khong gian cac bién cb so cap 1a
S={M4,.., Mg}, M; = {xudt hién mdt c6 1 not}. Bat X(M4)=10; X(M5)=20; ...;
X(Mg)=60. Tap gia tri cia X 1a {10; ... ;60}; X la BNN roi rac. #

- Vidu 2.2. S6 phé pham c6 trong 16 hang n san pham. Khong néi trude duge

s0 phé pham la bao nhiéu, day 1a BNN roi rac. Tap gia tri la {0; ... ; n}.
#

Vidu 2.3. Tudi tho ctia mét linh kién dién tir, d6 1a BNN lién tuc; co thé, tap
gia tri 1a [0; 10 000] (gio). #

Viéc nghién ctru BNN 13 tong quat hon so véi chi nghién ctru bién cd thong
thuong.
2.1.2. Luét phan bd cia bién ngiu nhién

Viéc biét tap gia tri cia BNN la quan trong, song hai BNN co tap gia tri
gidng nhau lai c6 thé hoan toan khac nhau. Tap gia tri cho ta rét it thong tin Ve

BNN. Piéu quan trong 1a biét BNN nhan céc gié tri c6 thé ctia nd voi xac suat
bao nhiéu.

Dinh nghza Moi quan hé giita cac gia tri co thé ctia BNN véi xac suit tuong
g dugc goi 14 luat phan bb cia BNN ay.

a) Ludt phdn bé ciia BNN roi rac.
Binh nghia. Gia st {x4,Xp,...} 1a tap gia tri chia BNN X. Bo sb

P1>P2,-- Vil p; =P(X=x;), i=12... (2.1.3)
dugc goi la luat phan bd ctia BNN roi rac X.
RO rang rﬁng bo sb P1,P2,... thod man diéu kién
pi >0; Y p =1 (tong hitu han hay v6 han).  (2.1.4)
i

Pé thuan loi, nguoi ta sép xép b0 s6 P1,P2,... thanh bang: Dong trén ghi cac
gia tri cia BNN nhén (thuong theo thir ty tang d?}n), dong dudi ghi cac xac sgét
twong ung. Bang nay goi 1a bang phan bo xac suat (dé don gian: bang xac suat)
cua BNN roi rac.

X X4 X2 D S

P o Py ..« Pp---
Vi du 2.6. Lap bang xac suat ciia s6 not xuat hién khi tung con xtc xic.
Giai. Vi p; = P(X =i)=1/6 nén ta nhan dugc bang

X 1 2 3 4 5 6
P 1/6 1/6 1/6 1/6 1/6 1/6
Noi chung, khi py=...=p, =1/n, X goi la c6 phan bd déu 11 rac trén

tAp{X4,.... X, } . Ludt ndy duge st dung khi thiéu thong tin vé X; khi y, coi céc

gi4 tri ma n6 c6 thé nhan 1a dong kha ning. #
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Vi dy 2.7. Xac suat dé mot xa thi ban tring bia 12 0,8. Xa thi ban timg phat
cho dén khi tring bia. Lap bang phan b xéc suat ctia s6 dan can ban. Tinh cac
xac suat

P-5<X<21%; P15<X<3.

Gidi. Coi két qua & cac 1an ban 1a doc 1ap. S6 dan X can thiét c6 tap gia tri 14
{1,2,... }. Tacod

P(X=1)=0,8 P(X=2)=0,2-0,8,..; P(X =i)=0,2""10,8:...

Ttr d6 nhan dugc bang xac suit
X 1 2 . i

P 1os o016 ... 0278...
Dé kiém tra diéu kién (2.1.4) thoa mén. Tr bang nay ta co thé tinh duoc moi
xac suat quan tam. Chang han
H-5<X<2=RX=1+FKX=2=0,96;
P(1,5<X<3)=RX=2+RX=3=0,192 #
Cung v6i bang xac suét nguoi ta cing dung ham khéi luong xac suit
(probability mass function), goi tat 1a ham xac suat:
px (X)=P(X =x). (2.1.5)
b) Ham phdn bo.
Ham phan bé (tén khac: ham phan bd xac suit, ham phén bd tich luy
(cumulative distibution function)) cia BNN X, ky hi¢u Fy (x), xac dinh boi

Fx (x)=P(X<x), xeR. (*) (2.1.6)
Nhén thay rang ham phan b dugc dinh nghia cho ca BNN roi rac 14n BNN
lién tuc. Sau day 1a mot so tinh chat quan trong cua ham phan bo.
Dinh Iy 2.1. Ham phan bd Fy (x) ciia BNN X ¢6 cac tinh chat sau
1) Fx(x) 1a ham khong giam, tirc la
Fx (X)<Fx(y) khi x<y. (2.1.7)
ii) Fy(—0)2 lim Fy (x)=0; Fy (+00) 2 lim Fy (x)=1. (2.1.8)
X—>—00 X—>+00

111) Fy (x)1a ham lién tuc phai, tuc 1a
Fx(Xo+)= lim Fy(x)=Fx(xg), XgeR. (2.1.9)
x—xg"
Churng minh.
i) Ttr chd (X <x) = (X <vy), do tinh don diéu ctia xac sut nén
Fy (X) = P(X < x) < P(X <y)=F¢ (y).
ii) Xét hai day bién ¢d (X <—n); (X <n). Thé thi (X<-n){ &; (X<n)TS
(khi n— o). Theo tinh chat lién tyc ctia xac suat (xem muc 1.1.6) ta dugc
Fy (—o0) = nI|_>m Fx (-n)= lim P(X £ -n)=P(J) =0;

N—o0

Fx (+0) = lim Fx(n)= lim P(X < n)=P(S)=1.
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iii) Gia str {&p,} 1a ddy gidm dén 0 bat ky, thé thi (X <xg+&,) ¥ (X <xo)
(khi n— ). Lai theo tinh chat lién tuc cta xac suit suy ra
Fx (Xg +&n)=P(X<xg+en) ¥ P(X <Xg)=Fx(xq) (n—).00
Ngoai ra, ham phan b con co céc tinh chat sau day:
iv) O<Fy(x)<1
v) Pl@a<X<b)=Fx(b)-Fx(a) (2.1.10)
v’) P@<X<b)=Fx(b)-Fx(a-)
vi) P(X>a)=1-F(a)
vii) Néu F(@)=0 = F(x)=0, Vx<a.
Cong thue (2.1.10) c6 y nghia rat quan trong, n6 cho phép tinh xac suét ciia
moi bién ¢ quan tdm thong qua ham phan bo.
¢) Ham phén bé ciia BNN roi rac.
Vi du 2.8. Cho BNN r0i rac X c6 bang xac suat nhu sau
X 1 2 4
P 0,1 0,5 0,4
Ta di tim ham phan b ctia BNN nay.
x<1=F(x)=P(X<x)=P(J)=0
1<x<2=F(x)=P(X=1)=0,1
2<x<4=Fx)=P(X=1)+P(X=2)=0,1+0,5=0,6
4<x=FX)=P(X=1)+P(X =2)+P(X =4)=1.

F(x)
0 vii x<1 1 f
N
0,6 2<x<4 —>
1 4<x !
>
O 1 2 4

Hinh 2.2. Ham phdn bo cia BNN trong Vi du 2.8
Néu X 1a BNN roi rac bat ky thi tir dinh nghia dé suy ra

0 wvii  Xx<xq
p X1 <X <X
Fx)= Y p={"" 1 2 2111
i X <X pP1+P2 X2§X<X3

Day la ham bac thang, gidn doan tai x; thudc tap gia tri vdi bude nhay p;
twong ung: F(X;)—-F(x;—)=p;. #
d) Ham phdn bé ciia BNN lién tuc, ham mdt do.

Bay gio ta dua ra dinh nghia chinh xac hon vé BNN lién tyc.
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Pinh nghia. Bién ngau nhién X dugc goi 1a lién tuc néu ham phén bb F(x)
ctia nd lién tyc trén R, ham F(x) kha vi c6 thé trir ra tai mot s6 hitu han hoic
dém duoc diém. Pao ham cua ham phan ) goi la ham mat do:

Dinh Iy 2.2
Gia sir X 1a BNN lién tuc v6i ham mat d6 fy (x). Khi do
1) fyx (x) 1a ham khong am, tuc la
fx(x)=0, vVxeR. (2.1.13)
ii) fy (x) kha tich trén R va tich phan ciia n6 bang 1:

=F(x). (2.1.12)

fo(x)dx:1. (2.1.14)

—0o0

iif) Fy (x)= )j( fy ()dt, X eR. (2.1.15)

iv) Xac sudt dé X nhan mot gia tri cu thé bat ky bang khong :
P(X=a)=0, aeR; (2.1.16)

Dy BXe(b)
%N

O a b X

YL

Hinh 2.3. Ham mdt dé va tinh xdc sudt tir ham mdt dé
Hon nita

Pla<X <b)=Pa<X <b)= jfx x)dx, abeR.(2.1.17)

Nhdn xét. Xac suat ¢&¢ BNN X nhan gia tri trong khoang (a; b) nao do l;?mg
di¢n tich hinh thang cong gidi han boi duong cong mat do va cac duong thang
x=3a,Xx=b, y=0 (Hinh 2.3).

Mo rong: Néu A 1a tip (do dugc) bat ky cua R thi
P(X e A) = [ fx (x)dx (2.1.18)

Vi du 2.9. BNN X goi 12 ¢6 phan b6 déu trén (a; b) néu
c vii a<x<b
0 tr,i 1.
Chung ta tim hang s6 ¢ va ham phan bd F(x). Tir (2.1.14) suy ra
Ojo f(x)dx=l£cdx: cb-a)=1= c:ﬁ.
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Vi x<a thxF(x)=0; vdi x>a thi F(x)=1.

Véi x e[ab] thx F(x)= )j( f(x)dx =

—o0 a

dx =
b-a b-a

X1 X—a
| _

12 ham béc nhat. D thi cua ham mat do va phan bd cho & Hinh 2.4.
Trudng hop dac biét khi (a;b) =(0;1), luc d6 F(x)=x va f(x)=1 trén (0; 1).

1 R
1 —
oa| T
O a b O a b X

Hinh 2.4. Ham mdt d va ham phdn bé ciia phdn bé déu trén (a; b)
Bay gio cho [c; d] 1a doan bat ky trong [a; b], theo (2.1.18) thi:
_ 5 duil ®&'n [c

F{chsd}zd c:§?du. ®'n [c;d]
b—a §édu ®&'n[ab]
Diéu nay phu hop voi dinh nghia xac suat hinh hoc trén R. #
Vidu 2.10. BNN X c6 ham mat d
acosx nQu -n/2<x<m/2
f(x)= -
0 tri 1.
a) Tim a va v¢& dd thi mat do thu duoc.
b) Tinh F(x), tr d6 tinh P(O< X <7t/4).

0 /2
Giai. a) 1= j f(x)dx = j acosxdx:Za:a:l.
—00 -7/2 2
« 0 Vi X<-m/2
b) F(x)= [ f(t)dt=1(1/2)(1+sinx) _nl2<x<m/2
- 1 nl2<X.
P(O<X <n/4)=F(n/4)-F(0)=+2/4. #
fx)
-T2 2 -

Hinh 2.5. Mat do cua BNN o Vidu 2.10
§ 2.2. CAC PAC TRUNG SO CUA BIEN NGAU NHIEN (1 tiét)
2.2.1. Céc dic trung vé gia tri trung tAm cia BNN
a) Ky vong

24



Dinh nghia. Ky vong (hay gia tri trung binh) cia BNN X, ky hi¢u la E[X],
duoc xac dinh nhu sau:
* Néu X 1a BNN roi rac voi p; = P(X =x;), i=1,2,... thi

(Chudi tré thanh tong hiru han néu tap gia tri ctia X 14 hitu han).
* Néu X 1a BNN lién tyc véi ham mat do fy (x) thi

E[X] = of xfy (X)X . (2.2.2)

_ Ky vong t}}é hién gia tri trung tAm ctia BNN, n6 1a dic trung quan trong nhét,
d¢ lam viéc nhat.

Dinh nghia. BNN X dugc goi 1 quy tAm néu ky vong ctia né bang khong:
E[X]1=0. boi voi BNN X bat ky, BNN Y =X —E[X] la quy tam, goi 1a BNN quy
tam hoa cua X.

Vidu 2.11. Tinh ky vong cua BNN X va Y khi:

i. X ¢ bang xéc suat X 1 3 4
P 0,1 0,5 0,4

(3/4)(x2+2x), vii xe(0:1)

i1) Y co ham mat do f(x)= {

0, tr il
Gidi. i) E[X]=1.0,1+3.0,5+4.0,4=3,2.
i) E[Y]= | xf(x)dx = jx3 X +2x)dx:...:%. #
Dinh Iy 2.3. Ky vong cia BNN c¢6 cac tinh chat sau day
1) E[C]=
E[aX]=aE[X], aeR. (2.2.4)
ii) Néu X va Y 1a nhitng BNN c6 ky vong thi tong X +Y ciing c6 ky vong va
E[X+Y]=E[X]+E[Y]. (2.2.5)

iii) Néu X va Y 1a hai BNN doc 1ap va c6 ky vong thi tich XY ciing c6 ky
vong va
E[XY]=E[X].E[Y]. (2.2.6)
iv) Gia str ¢(x) 12 ham sb thong thudng nao d6 sao cho Y =@(X) 1a BNN ¢6
ky vong. Khi do:

X ro1i rac: E[Y]= i o(X;)pi; (2.2.7)

i=—00

X liéntyc:  E[Y]= of O(X)fy (X)dX. (2.2.8)

—00

Nhdn xét. Cac tinh chat 1), i) got la tinh chat tuyén tinh ciia ky vong, giong
v6i tich chat tuyén tinh cta tong hay tich phan. Tinh chét iii) lién quan dén tinh
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doc 1ap cia cic BNN s& noi dén k§ hon ¢ myc 3.2.3. Tét nhién, dé tinh ky vong
cua Y =@(X), ta co thé tim phan b6 cua Y (bang xéac suat hay ham mat do) roi ap
dung dinh nghia. Tuy nhién ap dung (2.2.7) hay (2.2.8) 1a thuan lgi hon nhiéu.
Vi du 2.12. Tinh E[X?] véi

X |-3 1 3 5 6
P 01 02 03 02 0,2
Giai. Cach I. BNN Y = X? ¢6 bang phan bb
Y 1 9 25 36
P 02 04 02 02
Tir 6, E[Y]=1.0,2+9.0,4+25.0,2+36.0,2=16.
Cach II. Str dung (2.2.7) thi

E[X?] =(-3)%.0,1+12.0,2+3%.0,3+..+62.0,2= 16 .#
Vidu 2.13. Gia st X 1a BNN véi ham mat d6 f(x). Khi dé

[ 3 o 3
E X2 12 [ X2 1f(x)dx;
| XT+2] “ x°+2

E_|n(x2)J= T In(x2) f (x)dx. 4

b. Mot Mot cia BNN X, ky hiéu 1a Mod[X], 1a gi4 tri ma tai d6 xc suat twong
ung hay ham mat do dat gia tri cuc dai, cu thé la:
Xroirac, pj=PX=x;), i=12,..;
Xk = Mod[X] < px = Max(pq,pa,...)-
X lién tuc voi ham mat do f(x);
Xg =Mod[X] < f(xg)=Maxf(x).

Nhu vay mét BNN co thé c6 mot hodc mot sd mébt. Néu chi cd dang 1 mbt
thi BNN duoc goi 1a don mot.

]
|
1
1
] || ;
» 'l
»

X1 X9 X; Xk X

j an‘] Xn X XO X -
Hinh 2.6. Mot ciia BNN roi rac (a) va ciia BNN lién tuc (b).
¢) Trung vi (median).
Trung vi (median) cia BNN X, ky hiéu 1a Med[X], x4ac dinh bdi
. P(X<x;)21/2;
Xroirac: MedX]=x; sao cho
P(X>x;)<1/2.
. X0 1.7 1
Xliéntyc:  MedX]=xy < [ fx(x)dx 2 [ fx (x)dx 2o

X0




Hinh 2.7. Trung vi cua BNN lién tuc.

Noéi chung, Med[X]= E[X]. Tuy nhién, khi ham xac suat hay ham mat do
déi xtng qua mot truc nao do6 thi trung vi trung voi ky vong. Trung vi dai dién rat
tot cho gia tri trung tam cua BNN, song tinh todn n6 khong dugc thuan loi nhu
v6i ky vong.

b) Thao luan

c) Tw hoc

d) Bai tap chuin | Bai tap vé nha cho ci chwong II

bi toi thiu Tailiéu[1]: 2(1-2-3-4-5-6-7-8-9- 10-11-12-
14 —16-17 - 18-21- 23- 26 - 27- 30-32).

Tai li¢u [2]: Tr 76-78: 2, 4, 8 (stra X thanh [x]), 10.

Tai liéu Tai ligu [1], tr....
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Chuong, muc: 2

Tiét tha: 13-16 Tuén thi: 4
Muc dich, yéu cau:
e Tinh dugc phuong sai cia BNN
e Nim chic vé phan bd nhj thuc, déu.
e Lam dugc bai tap
- Hinh thire té chire day hoc:
Hinh thure chu yéu: Ly thuyét, thao luan - ty hoc, tu nghién ctru
- Thoi gian:
Ly thuyét, thdo luan: 4t - Ty hoc, tu nghién cuu: 4t
- Dia diém:
Giang duong do P2 phan cong.
- Ngi dung chinh:
§ 2.2. Cac dic trung sb ctia bién ngiu nhién (tiép)
§2.3. Mot sb luat phan bd quan trong
Bai tap vé bién ngiu nhién

§ 2.2. CAC PAC TRUNG SO CUA BIEN NGAU NHIEN (tiép - 1 tiét)
2.2.2. Céc dic trung vé do phan tin ciia bién ngiu nhién
a) Phuong sai.

Dinh nghia. Phuong sai cia BNN X, ky hi¢u 1a V[X] (c6 tai li¢u ghi la
Var[X] hay DX), x4c dinh bdi

V[X]=E[(X -E[X])?]. (2.2.9)
Khai trién vé phai ctia (2.2.9) ta suy ngay ra
V[X] = E[X?]- (E[X])?. (2.2.10)

Str dung (2.2.10) ciing nhu tinh chét iv) cia ky vong nhan duoc cac cong
thirc sau day rat thuan loi khi tinh phuong sai.

X roi rac: V[X] = i(xi - E[X])2 Pi
i—1

- 3 i~ (EIX]2. @2.11)

X lién tyc: VIX]= | (x—E[X])%fx (x)dx

—0

- Of X%y (X)dx— (E[X])?.  (2.2.12)

Can bac hai cia phuong sai dugc goi 1a dg 1éch chuén, ky hiéu la oy:
ox =+/V[X]. (2.2.13)
Dinh Iy 2.4. Phuong sai ciia BNN c6 céc tinh chat sau day:
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VI[C] =0;
V[aX] =a?V[X];
V[X+C]=V[X] (a, C- hing sd) (2.2.14)
Néu X va Y 1a hai BNN doc 14ap, c6 phuong sai hitu han thi X +Y ciing 1a
BNN c6 phuong sai hiru han va
VIX+Y]=V[X]+VI[Y]. (2.2.15)
H¢ qud. Néu hai BNN X,Y doc 1ap, c6 phuong sai hiru han thi
VIX-Y]=V[X]+VI[Y]. (2.2.16)
Néu Xj,..., X, 1a cac BNN doc lap, c6 phwong sai hiru han thi
VIXq+..+ X1 = VIXq]+..+ VX, ] (2.2.17)
b) Momen.
viIX] = E[X];
i [X] = EL(X — E[X])"].
c) Mot s6 ddc trung khac.

3
D6 léch: Sew[x] - EX B _ M (2.2.18)
(e) (e}
4
D6 nhon: Kurtx]= S22 5 M43 (22 19)
(e} (e}

D6 réng dai bién thién. Néu tap gia tri caa X 1a [m; M] thi:
m : gia tri nho nhat, ky hiéu 1a Min[X];
M : gia tri 16n nhat, ky hiéu 1a Max[X];
[m; M] : dai bién thién (hay tap gia tri);
M —m : d6 rong dai bién thién.

§2.3. MOT SO LUAT PHAN BO QUAN TRONG (1 tiét)
2.3.1. Luét phan bé nhi thicc B(n;p)
BNN X dy’c_rc goi 14 ¢6 phan b nhi thirc v6i tham sé (n, p), ky hiéu
X ~B(n;p), néu
P(X =k)=CKpX(1-p)"*, k=0,1,...n. (2.3.1)
Khi n=1 chung ta nhan dugc luat phan bd Bernoulli véi
PX=1)=p; PX=0)=1-p=aq.
Tt cong thirc Bernoulli (1.3.6) thi:
S 1an thanh cong (tirc 1a s6 1an xuét hién bién ¢ A) trong diy n phép thir
Bernoulli c6 phan bo nhi thirc B(n;p).
Dinh Iy 2.5. Néu X ~ B(n;p) thi

{E[X] =np; (2.32)
V[X] = npq. o
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Chitng minh. Xét diy phép thir Bernoulli. Goi Y; 14 s6 lan xuat hién bién c6
A trong phép thir thir i. Thé thi Yy,...,Y,, 12 cac BNN ddc lap, cting phan bd B(1;
p). Taco
E[Yi]=1p+0.(1-p)=p;
VIYi] = E[Y?]1-E°Yi] = (12p+0%(1-p)) - p* = pa
bat Y =Y +..+Y, taduogc
E[Y]1=E[Yq]+...+ E[Y,] = np;
VIY]=VI[Y,]+...+ V[Y,] = npa.
Ta biét ring Y ~ B(n;p), cung ludt phan bd véi X. Vay X co6 cung ky vong,
phuong sai nhu cua Y. Ching ta nhan dugc (2.3.2).00
2.3.2. Luét phan bd Poisson P(})
BNN X duoc goi 13 ¢6 phan bd Poisson v6i tham sé A > 0, ky hiéu X ~ P(L),
ncu

k
P(X = )=e—k%, (k=0,12.) (2.3.3)
Dinh Iy 2.6. Néu X ~ P(1) thi
E[X] =%
1 2.3.4
) {V[X] = @34
2)  Néu X ~P(hq), Y = P(ky); X vuY @clEp thx

X+Y ~ P()\.»] +7\,2). (235)

Mot s6 vi du BNN c6 phan bd Poisson la:

S6 lg‘in‘ goi dén 1 tong dai trong khoang tho1 gian nao do (trong 1 gio, 1
ngay), so lan khach hang dén nha bang trong 1 gio...

Noéi chung, dau vao mot hé phuc vu thuong c6 phan bd Poisson.
2.3.3. Luét phan b6 déu U(a; b)
a) Ky vong, phwrong sai. BNN lién tuc X goi 1a c6 phan bd déu trén (a;b), ky hiéu
1a X ~ U(a;b), néu ham mat d6 cua né co6 dang

F(x) = é vii xela bl;
0 tr i 1'i.

(2.3.6)

O Vi du 2.9 ta di xét ham mat do va ham phan bé cua X. Bay gid ta tinh ky
vong va phuong sai cia no. Ta co

] - 222,
- (2.3.7)
vix) =23
12

o b
Thyc vay, E[X]= [ xf(x)dx =[x b1 adx =
2 b-

—00

b2—a2_a+b
2(b-a) 2
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(b—a)?
12

b
VIX] = EX?] - E[X])? - [ x* 1 dx—((@+b)/ 2)F -

boi khi trong cac két luan thong ké ta hay sir dung quy tic sau:
Néu biét rang BNN X nhén gia tri trong khoang (a; b) nao d6 ma khong biét

thém thong tin gi khac vé X thi ¢ thé xem mdi gi tri c¢6 thé cua X trong khoang
(a; b) 1a dong kha ning; néi cach khac, X c¢6 phan bd déu trén (a; b).

b) Déy s6 ngdu nhién.
Nhu vdy, bing méy tinh bat ky ta sinh ra day s6 ngdu nhién {x4,xg,...}.

~_ BARTAPEBi¢n ngiu nhién va ham phin b (2tiét)

b) Thao luin

c) Tu hoc

d) Bai tap chuin
bi t6i thi¢u

Tai liéu Tai liéu [1], tr....
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Chuong, muc: 2

Tiét thi: 17-20 Tuan th{: 5
Muc dich, yéu cau:
e Nim chic vé phan bd chuan
e Cic phan bd T, F, Khi binh phuong chi can hiéu khai niém phan vi.
e Lam dugc bai tap
- Hinh thire té chire day hoc:
Hinh thure chu yéu: Ly thuyét, thao luan - ty hoc, tu nghién ctru
- Thoi gian:
Ly thuyét, thdo luan: 4t - Ty hoc, tu nghién cuu: 4t
- Dia diém:
Giang duong do P2 phan cong.
- Ngi dung chinh:
§2.3. Mot sb luat phan bd quan trong (tiép)
Bai tap vé bién ngau nhién (tiép)
§2.3. MOT SO LUAT PHAN BO QUAN TRONG (tiép - 1 tiét)
2.3.4. Luét phan b6 chuin N(u; 02)
a) Pinh nghia. BNN lién tuc X nhén gid tri trén R duoc goi la c6 phan bd chuan

(hay phan bd theo luat chuan) v6i tham sé p vy o2, ky hi¢u la X ~ N(w; 02) , néu
ham mat d¢ ctia n6 c6 dang

2
F(x) = — exp{—(x_g) } xeR. (2.3.10)
2nc 2c

Khao sat ham nay ta nhan duoc cac két qua sau (xem Hinh 2.9):

o(x)
1

216

/
o 1l X
Hinh 2.9. MGt dé ciia phdn bo chudn N(u;cz).

e D) thi ndm trén truc hoanh.

\ 4

e Truc Ox la tiém can ngang.

o D) thi dbi ximg qua duong thang x = ; c6 dang hinh chudng.
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e Cuc dai

dat dugc tai duy nhat 1 diém xo =p.
216

e Khi o khong do6i, u tang thi d6 thi tinh tién sang phai, p giam thi dd
thi tinh tién sang trai.
e Khi p khong ddi, o ting thi dd thi thap xubng, “ti ra”; ¢ giam thi do
thi cao 1én, “nhon hon”.
b) Cdc sé ddc trung
Dinh Iy 2.8. DSi voi X ~ N(M;G2) thx E[X]=p; V[X]=02.

S _(x=w)?
Chitng minh. E[X] = jx 5 dx.
\/27‘[6 20

o e X—
bat bién z= —”; dx = cdz ta duogc
(e}

0 1 [ ZZJ
E[X] = I—G(GZ-%—M)eXp Y dz

_oo@
Jﬁ [ zexp( ]dz+p\/_ [ exp( :]d.

. s % 2 .
S6 hang dau bang khong. Sur dung tich phan Poisson I e @24z =2, sb
hang thtr hai béng u. Vay E[X] =
St dung tich phan timg phan va tuong ty trén ta nhan duoc V[X] = 2. O
n vo? duge goi 1a 2 tham sb dic trung cta phan bd chuén.
¢) BNN chudn hod (chudn tdc).
BNN Z ~ N(0;1) duoc goi la chuén tic, ham mat do cho béi
1 _—

(p(x):E 2 xeR. (2.3.12)

Ham o(x)chin nén d6 thi cua n6 dbi xtimg qua truc tung. Gid tri cua (x)
duoc 1ap bang véi x €[0; 4] . Ham phan bd twong tmg

2

@(x):% [e 2dt (2.3.13)

cling duogc 1ap bang. Tuy nhién, dé tiét kiém bang, thay cho ®(x), ngudi ta 1ap
bang céc gia tri cua ham Laplace (Bang A-1 & Phu luc)

2

t

Dy (x) :ﬁ]&e_ 24t (2.3.14)
0

v6i x €[0; 4]. Vi x > 4 coi Dy(x)~ (xem Hinh 2.10). RS rang
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©(0)=0; Dy(—x)=-Dp(x);

Hinh 2.10 Ham Laplace va cdc xdc sudt chudan héa
Khi can tinh F(x) qua ®(x) hay nguoc lai ta ding cong thuc:

CD(x)=%+CDO(x). (2.3.15)
Cong thirc sau c6 ich dé tinh xac suit BNN Z thudc doan [a;b]:
P(a<Z<b)=®y(b)-D((a). (2.3.16)

d) Bién doi tuyén tinh BNN chudn.
Cho X ~N(u;6%). V6i a,beR, Y =aX+b c6 phin bd chudn. Tir d6 dé thdy
aX +b~ N(an+b; a®s?) (xem Hé qua cua Pinh 1y 3.12).
H¢ qua.
X~N(M,02):>Z=ﬂ~N(o; 1. (2.3.17)
(¢}

Hé qua nay cho ta phuong phap thudn lgi dé tinh P{X e[a;b]}:

P{X [a;b]} =P{a_“ <XTH b_“}=q>0(b_—“)—q>o(a_“) (2.3.18)
(6} (¢} (¢} (e} (e}

Vi du 2.15. Kich thuéc cta cac chi tiét do mot may san xuat ra 1a BNN c¢6
phan bd chuan véi trung binh Scm va sai s6 (o) 14 0,9cm. Tim xéc suat dé lay
ngau nhién mot chi tiét ¢6 kich thudc nam trong khoang tir 4 dén 7cm.

Giai. Goi X 1a kich thude chi tiét 14y ra, X ~ N(5; 0,9%). Ta c6
4-5 X-5 7-5 7-5 4-5
< < —)—Do(—)
09 09 09 0,9 0,9
= ©(2,222)- Dy (~1,111) = 0,4863+ 0,3665 = 0,8533. #
e) Phan vi .

=00

P:P(4<X<7)=P(

Pinh nghia. Cho BNN X c6 luat phan bd £ nao d6. Phan vi mirc o ciia X
(hay ctia luat phan bd £) 1a gia tri X, xac dinh tir dang thirc

PX>X,)=0o.
Phan vi chudn muc o, ky hiéu z,, la gid tri xac dinh boi
P{Z>z,}=a,voi Z~N(0;1) (2.3.19)
o
hay —— [ e Zdt=a.
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cling vay Dy(z,)=0,5-0a.
Tinh chit cta phan vi chuén 1a
Z)—q =—Zq - (2.3.20)
Mot s6 gié tri ddc biét:
{20’10 =1,280;  zg05 =1,645;

(2.3.21)
20,025 = 1,960, ZO,OI = 2,326

— -

Hinh 2.11. Phdn vi chudn mirc o,
Luru y. Nhiéu tai liéu khong 1ap bang ctia z, ma lap bang cia p,, hodc u,
voi P{Z|<pyt=0a; P{Z<uy}=0; Z~N(0;1).

/) Sai $6 trung gian, dang mdt dé ding trong phdo binh.(Danh cho I6p Vii khi,
Dan)

Dang mat d6 (2.3.23) cta phan bd chuan hay dugc st dung trong Phao binh.
2) Ouy tdc 2o (30)

Cho X ~ N (11.6%): vi 22" _ N(0,1). theo cong thic (2.3.16) thi
(e}

p{|x_u|<g}:p{_§<X;“

<3} =20,(2).(2.3.25)
o o

Thay & =10,20, 3cta dugc
P{[X—p|<lo}=2d((1)=0,68268;

P{|X —p| <26} =20(2) =0,95450;
P{|X—p| <30} =2d((3)=0,9973. (2.3.26)

Céc x4c sut 0,9545; 0,9973 14 rat 16n. Theo nguyén 1y xac sudt 16n ta ¢ quy
tac 20 (30) sau day:

Quy tic: D6i voi BNN chuan thi hiu nhu chéic chan (do tin ciy trén 95%
(trén 99%)), BNN chi sai 1éch so vd1 gia tri trung binh cia ndé mdt lugng khong
qua 20 (30).

h) Tinh phé cdp ciia phdn bo chudn. Ta rat hay gip phan bd chuan. S¢ di nhu vay
vi xay ra Pinh 1y gi61 han trung tdam (xem Dinh 1y 3.25):

Néu BNN X la két qua cta rat nhiéu nguyén nhan, mdi nguyén nhan chi co
vai tro khong dang ké dén két qua cudi cung thi X ¢ phén bo rat gan véi phan bo
chuan.
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2.3.5. Luét phan b6 mii E())
BNN X duogc goi 1a c6 phan bd mil véi tham sb A, ky hiéu X ~ E(A), néu
ham mat dg c6 dang

() 0 nQ x<0; (2.327)
X) = 3.
e™ nlu x>0.
Dé chirng minh rr;“mg
E[X]=—:  V[X]=—-. (2.3.28)
A 22

Tudi tho cua cac thiét bi, tudi tho ciia nhiéu loai sinh vat ... ¢6 phan bd mii.
Phan bo mii co6 tinh chat “khong c6 tri nhd™ (xem Bai tap 2.15), né con duoce goi
la phan bo Markov.

2.3.6. Luit phan b6 khi binh phwong y2(n)
Pinh nghia. BNN lién tuc X goi 1 ¢6 phan bd xz (khi binh phuong) vdin
bac tu do, ky hiéu X ~ xz(n), néu ham mat do cho boi (xem [1])... Ta cd

{E[X] -n;

(2.3.31)
V[X] = 2n.
Ngoai ra, véi n 16n, phan bd 2 gin véi phan bd chudn.

Nhdn xét. Véin > 30, xap xi phan bd 32(n) boi phan bd chuan 1a tdt. Tur
(2.3.31), phan b chuan xap xi 13 N(n; 2n). Hinh 2.12 dua ra ham mat do cua
phan bd %2 véi n=10 va n=20 bac tu do.

Néu X ~ xz(n) thi Y =aX (a> 0)duoc goi la c6 n bac ty do.

0.12 -
0.1

0.08 -

0.06 m

0.04 -

0.02 -

10 20 40 -
Hinh 2.12. Ham mdt do cua phdan bo khi binh phuong xz(n)

. Phdn vi. Phan vi mic o cta phan bd khi binh phuong véi n bac ty do,
ky hiéu 32 (n), 1a gi4 tr x4c dinh tir biéu thirc
PX>yx2(n)=0a, (O<o<1) (2.3.32)
trong d6 X ~ x2(n). (Xem Hinh 2.13(a)).
Gia tri xﬁ(n) c6 thé xem & Bang A-3, Phu luc A.
2.3.7. Luét phan b6 Student T(n)
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Dinh nghia. BNN lién tuc X goi 1a ¢6 phan bd Student véi n bac ty do, ky
hiéu X ~ T(n), néu ham mat d6 c6 dang
Co6 thé tinh dugc E[T]=0; V[T]=n/(n-2), n=34,...
Phan vi. Phan vi Student mirc o véi n bac tu do, ky hi¢u t,(n), la gia tri xac
dinh tir biéu thirc
PX >t (n)=a, (O<a<1). (2.3.34)
trong d6 X ~ T(n). (Xem Hinh 2.13(b)).
Céc gid tri t,(n) da dugc lap bang véin va o khac nhau (xem Bang A-2).
Tinh chat quan trong cta phan vi Student 1a
t1_o(n)= —ta (n); ta (n)~z, vii n>30.
2.3.8. Luat phén b Fisher-Snedecor F(n;,n,)
Pinh nghia. BNN lién tuc X goi 1a ¢6 phan b Fisher-Snedecor véi ny, n,
bac tu do, ky hiéu X ~ F(n4;n5), néu ham mat dd c6 dang ... (2.3.35)
Phan vi. Phan vi mic o cia phan bd F véi nq, Ny bac tu do, ky hi¢u
fo(nq; Ny) 1a gid tri xac dinh béi
P(X >f,(n,no))=a, vii X~F(ny;ny). (2.3.36)
2.3.9. Céc luit phan bd khac

V6i luat phan bd roi rac chung ta hay gép phan b luy thira, nhi thirc am,
siéu hinh hoc.... Vi luat phan bo lién tyc ta hay gap phén b tam giac, Weibull
(1,2,3 tham so) Bé ta ... Toém tit vé cac luat phan bd dwa ra & Phu luc B.

TOM TAT CHUONG 2
BAI TAP: Cac dic trung sb ciia BNN (2 tiét)
Mot s6 phan bo quan trong (1 tiét)

b) Théao luin

c) Tu hoc

d) Bai tap chuin
bi toi thi¢u

Tai liéu Tai ligu [1], tr....
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Chuong, muc: 3

Tiét thi: 21-24 Tuén thi: 6
Muc dich, yéu cau:
e Tinh dugc phan b bién, phan bd diéu kién tir bang Xs hay ham mat
do dong thoi.
e Nim duoc diéu kién can du ciia 2 BNN doc lap thong qua bang XS
hay qua mat do.
- Hinh thire t6 chire day hoc:
Hinh thirc chu yéu: Ly thuyét, thdo luén - ty hoc, tu nghién ctru
- Thoi gian:
Ly thuyét, thdo luan: 4t - Tu hoc, tu nghién cuu: 4t
- Dia diém:
Giang duong do P2 phan cong.
- Ngi dung chinh:
Bai tap vé bién ngiu nhién
Chuong 3. Véc to ngau nhién
§ 3.1. Phan bd x4c suét 2 chiéu
§3.2. Phan bd diéu kién, sy doc 1ap ciia cac BNN

BAI TAP: Mot so phian bo quan trong (1 tiét)

Chuong 3
VEC TO NGAU NHIEN

§3.1. PHAN BO XAC SUAT HAI CHIEU (1tiét)
3.1.1. Véc to ngiu nhién hai chiéu

Pinh nghia. Véc to ngau nhién (random vector) 1a véc to ma mdi thanh phan
cua no la mot BNN xéc dinh trén cung mdt khong gian xac suat.

Trong thyc té ngudi thudng bd qua tinh do duge cia VINN.

Viéc xét VINN la xét nhiél} BNN ddng thoi, khong riéng r&. Chinh vi thé,
VTNN con dugc goi 1a BNN nhiéu chiéu.
3.1.2. Bang xac suit ciia VINN 2 chiéu roi rac

Bang xac suat ciia VTNN 2 chiéu roi rac liét ké cac gia tri c6 thé cia VINN
va xéc suét tuong ing. Néu

P(X;,Yj)=Pxy (Xi,y;) =P(X=x;;Y =y;), i, j=12,..

thi bang xac suit cua (X, Y) thé hién ¢ Bang 3.1. Bang nay co the hiru han hay vo
han. Cot ngoai cung ghi tong céc cot trude nd, dong cudi ghi tong cac dong trén
n6. CAc Xac sudt pyy (Xi,y;) phai thoa man:

Pxy (Xi,Y}) 2 0; D" pxy (Xi,Y;) =1.
i

Tir bang xac suat cua (X,Y) ta co thé 1ap dugc bang xac suat ciia cac BNN
thanh phan. Thyc vay,
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Px (Xi) = P(X=x;) =D P(X=x;;Y =y;) = > pxy (X;,y)); (3.1.3)
j j

pY(y,-)=P(Y=y,-)=ZP(X =xi;Y=yj)=ZpXY(xi,yj). (3.1.4)

Bang 3.1. Bing xdc sudt ciia VINN (X,Y)

Y
X Y - - . Yo . Yo - >
X1 P(X1,¥1) P(X1,y2) - - o P(X,Ym) - | P(Xq)
X2 P(X2,¥1) P(X2,¥2) - - . P(X2,¥Ym) - | P(X2)
Xp P(Xn,Y1) P(XnY2) - - o P(XnYm) - | P(Xy)
> p(ys)  p(y2) - - . p(Yn) 1,000
Khi khong so 1am ta bo di cac chi s6. Bang xac sudt cia X va Y 1a
X X{1 Xo . ..o Xg- - | Y| Y Yo . .Yy
P 1 p(xq) p(x2). . . p(Xp). - | P | plyq) P(Y2). - -P(Yn)-

Chung con duogc goi la cac bang xac suat bién. RO rang

2.P(x) =2 p(y;)=1.
i j

3.1.3. Ham phan b6 ciia VINN 2 chiéu
Ham phan b6 cia VINN (X,Y) (con goi 1a ham phan bd dong thoi cua cac
BNN X,Y), ky hi¢u 1a Fyy (x,y), dugc xac dinh boi

Fay (X,y)=P(X <x,Y <y), Xx,yeR. (3.1.5)
Tinh chat cia ham phan bb ctia VINN khé gidng véi trudng hop 1 chiéu.
DPinh Iy 3.1. Gia st Fyy (X,Y), Fx (X), Fy (y) 1an luot 1a ham phan b6 cua
VTNN (X,Y), BNN X va BNN Y. Khi d6
1) 0<Fyy(x,y)<1, x,yeR. (3.1.6)
i) Fyy (X,y) 1a ham khong giam theo ca hai ddi so:
Fxy (X1, Y1) < Fxy (X2,Y2) Vi Xq <Xy, ¥1<y5.(3.1.7)
iv) Tai v han thi
(xem [1])
v) Xéc suat d¢ (X,Y) roi vao hinh chit nhat {(x,y):a<x<b; c<y<d}:
P(a<X <b; c<Y <d)=F(ac)-F(a,d)—F(b,c)+F(b,d). (3.1.10)
Céc ham phan bb Fy (x), Fy (y) tinh theo (3.1.9) goi 1 phan b bién ctia ham
phan bd Fyy (X,Y).
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Hinh 3.1. Xéc sudt dé diém ngdu nhién (X,Y) roi vao hinh chit nhdt
3.1.4. Ham mat d¢
Pinh nghia. Pao ham riéng hdn hop cip hai ctia ham phéan bd, ky hiéu 1a
fxy (X,y), dugc goi 1a ham mat do cua VINN (X,Y):

Fxy (y). (33.11)
ox oy

Nhdn xét. Neu dao ham riéng & vé phai cia (3.1.11) t6n tai khip noi, c6 thé
trir ra trén mot s6 hiru han duong cong thi ta c¢6 thé bd sung gia tri tuy y cho dao
ham riéng trén cac dudng cong do; coi mat do xac dinh khip noi; VINN duoc
goi 14 lién tuc. Néu dao ham riéng khéng ton tai, ¢6 thé dung ham delta dé xem
x¢ét khi tinh toan cac dao ham nay.

fxy (X,y)=

Khi khong s¢ hiéu nham, ta c6 thé bo di cac chi sé & ham phan bé ciing nhu
¢ ham mat do: Thay cho Fyy (X,y), fxy (X,¥)... ta viet F(x,y), f(x,y) ...

Dinh Iy 3.2. Ham mat d6 f(x,y) cua VINN (X,Y) c6 tinh chat sau

1) f(x,y)=0, x,yeR. (3.1.12)
1) T Tf(x,y)dxdy=1. (3.1.13)

iii) M4t d6 bién c6 thé tinh thong qua ham mat d6 dong thoi:

= | f(xy)dy;

—00

= Tf(x,y)dx. (3.1.14)

—00
iv) Ham phan b dugc tinh tir ham mét do theo cong thirc
Xy

Foxy)= [ [ f(uv)dudv. (3.1.15)
v) Néu B 1a mot tap (do dugc) bt ky trong R? thi
P((X,Y)eB)=[f(x,y)dxdy. (3.1.16)
B
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2 2
Vi du 3.3. Gia sit VINN (X,Y) phan b déu trén elip % +y7 <1. Tim céc

mat do bién.

’ ENCGRY:
Gidgi. f(xy)=1g. "¥ gt =b
0 tr i 1]
. 2J1-x219 5
X[<3: fy(x)= [ foxy)dxdy=— [ 1dx=-19-x°
—® " —2J1-x2/9 "
2 [
ot (x)= | on 9—x4 vii |x|£3.
0 |x|>3
1 5
—\J4- vii <2
)= f2e V4 M
0 ly|>2.

y
§3.2. PHAN BO PIEU KIEN, SU DPOC LAP CUA CAC BNN (1 tiét)
3.2.1. Bang phan b6 diéu kién ciia BNN roi rac

Dinh nghia. Gia st VINN roi rac (X,Y) voi p(x;,y;) =P(X=x;;Y =y;),
i,j=12,.. bat

PX=x;;Y =y;) _ p(X;,Y;j)
P(Y =y;) p(y;)

Cho i thay ddi ta thu dugc bang xac suit didu kién cia X khi Y =y i

p(xi[y;)=POX =x;|Y =) = (321

X‘Y:yj X1 X . . . X

P pxalyp) plxalyp) - pOxalyp) -
Nhdn xét. Py qua thuc 12 bang xac suat vi
0<p(xi|y;) <t Xpixily;))=1.

i

Tuong tu, ta c6 bang xac suat diéu kién ciia Y khi X =x;

Y[X=x Y1 Yoo - - - Ym

P ply1[x;) P(Y2|Xi) - - - P(Ym|Xi) -
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p(X;)
Vi du 3.4. Gia sit VINN roi rac (X,Y) ¢ bang x4c suit

trong d6 p(y; |x;) =

Y | 1 3 5
X
3 0,10 0,30
g 0,20
0,06 0,13
0,21
D& tim dugc bang xac suit diéu kién ctia Y khi X =3 1a
Y X=3 1 3 5
P 1 3 2
6 6 6

Nhdn xét. Tap gia tri cia BNN khong thay do6i. Pé tinh xac suat tuong ung
chi viéc lay dong (cot) & bang xac suat dong thoi chia cho tong dong (tong cot)
do.

3.2.2. Ham phan bo diéu ki¢n
b) Truong hop Y lién tuc.
Dé don gian, ta coi cad X va Y lién tuc voi ham mat do dong thoi fyy (X, y).

Dinh nghia.

3.2.3. Sw doc 1ap cta cac BNN

Chung ta nhé lai rang 2 bién cb A va B 1a doc 1ap néu P(AB) = P(A).P(B).
Mo rdng sang BNN, ta coi 2 BNN la ddc 1ap néu moi cap bién ¢ lién két voi 2
BNN nay la doc 1ap; cu thé ta dua ra dinh nghia sau day.

Dinh nghia. Hai BNN X va Y duoc goi la doc lap néu véi 2 tap (do duogc) A,
B bat ky trong R thi (X eA) vu (Y €B) 1a 2 bién c6 ddc lap, tuc 1a

P(XeA;Y eB)=P(X A).P(Y €B). (3.2.10)

Viéc kiém tra dang thtc (3.2.10) véi moi cip A, B 1a kho khin, tham chi 13
khong thé. Chung ta dua ra céc tiéu chuan sau day dé ki€ém tra tinh doc 1ap rat
thuan lgi trong thuc hanh.

Dinh Iy 3.4. Hai BNN X va Y la doc 1ap khi va chi khi

Fay (X, y)=Fx (x).Fy(y), x,yeR. (3.2.11)
Dinh ly 3.5. Cac BNN X va Y doc lap khi va chi khi
ey (%,Y) = ()fy (¥), X,y €R. (3.2.12)

Pic biét, néu X va Y 1a hai BNN roi rac véi
P(Xi,yj)=P(X =x;;Y =yj); p(x;) = P(X=X;); p(y;)=P(Y = ;)
thi X va'Y dgc 1ap khi va chi khi
p(Xi,yj)=p(X;)-ply;), 1,j=12,.. (3.2.13)
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Dinh ly 3.6. Néu X va Y 12 2 BNN ddc lap con g(x) va h(x) 1a 2 ham (do
duogc) bat ky thi U=g(X), V =h(Y) 1a 2 BNN doc lap.

Vi du 3.6 (Cdc bién ngdu nhién déc lip)

Vidu 3.7 (Cac BNN khong doc lap). Xét2 BNN X va'Y voi

3.2.4. Ky vong diéu kién (xem [1])

* BAI TAP: Mt s6 phan b6 quan trong (tiép 1 tiét)
Phin bd XS 2 chiéu (1 tiét)

b) Thao luan

c) Tu hoc

d) Bai tap chuin | Bai tip vé nha cho ci chwong 3

bi t6i thiéu Tailidu [1]:3(1 -3 -4 -6-8—9-10- 11 — 21 —22 — 24 -
26-27 — 33 — 38- 40- 49- 53 - 54- 55 ).

Tai lidu [2]: Tr 110-112: 10, 11, 14, 15, 16

Tai lidu Tai lidu [1], tr....
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Chuong, muc: 3

Tiét thir: 25-28 Tuén thi: 7
Muc dich, yéu cau:
e Tinh duoc ky vong, phuong sai, hiép phuong sai, hé sd twong quan.
e Ma tran hiép phuong sai va MT hé so tuong quan.
e Tim duoc phan b cia 1 vai ham don gian caa VINN.
- Hinh thire t6 chire day hoc:
Hinh thirc chu yéu: Ly thuyét, thdo luén - ty hoc, tu nghién ctru
- Thoi gian:
Ly thuyét, thao luén: 4t - Tu hoc, tu nghién cuu: 4t
- Dia diém:
Giang duong do P2 phan cong.
- Ngi dung chinh:
§3.3. Céc sb dic trung cia VINN
§3.5. Ham cua cac BNN

§3.3. CAC SO PAC TRUNG CUA VTNN (1 tiét)
3.3.1. Cac s6 dic trung ciia BNN thanh phan

Néu biqét phan bb ddng thoi ciia cac BNN, ta co thé biét phan b bién va tir
do ta c6 thé biét duoc ky vong, phuong sai cua moi BNN da cho. Tuy nhién co
thé tinh tryuc ti€p cac ddc trung nay tir phan bo dong thoi.
a) Truwong hop roi rac.

E[X] = Zx p(x;) ZZX p(x;, ;)

i=1j=1

E1Y]= 3 yply;) = 3 3 y;p(x.Y,)- (3.3.1)

=1 i=1j=1

VIX] = E[X?]-(E[X])* = iixizp(xi ¥;)—(EIX]);

i—1j=1
VIY]=E[Y2]-(E[Y]2 =33 y2p(x;.y;) - (EIYD2 (3.3.2)
i=1j=1

b. Truong hop lién tuc

E[X] = Ojo Xfy (X)dx

—00

Il
— 8
— 8

xf(x,y)dxdy;

|
8
|
8

E[Y]= [ yfy(y)dy yf(x,y)dxdy. (3.3.3)

—0

Il
é'-—-'g

|
—g g8
— 8

V[X] = E[(X - E[X])] (x—E[X])*f(x, y)dxdy

|
8
I
8
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- EDXI-(EIX)2 = [ [ x2Fxy)ay — (EXDP:

—00 —00

VIYI=E[(Y -E[Y]’]= [ [ (y-EIYD*(x.y)dxdy

—00 —00

=EIY’]-(ELY])* = | [ y*f(xy)dxdy - (E[X])*. (3.3.4)

—00 —00

3.3.2. Hiép phuwong sai va hé s6 twong quan (RAT QUAN TRONG!)
Dinh Iy 3.8. Gid su (X,Y) la VINN véi ham mat do f(x,y) con o(x,y) la
ham 2 bién sao cho Z =¢(X,Y) 1a BNN ¢6 ky vong. Khi d6

Elo(X,Y)]= | | o(x,y)f(x,y)dxdy . (3.3.5)
Dic biét, néu X va Y roi rac voi p(x;,yj)=P(X=x;,Y =y;) thi
E[o(X,Y)I =222 o(xi,y;)p(Xi,¥;) (3.3.0)

j
M6 men cap (1,1) ctia X va Y,
mqq = E[XY]
duoc goi 1a md men twrong quan gbc, goi tit 1a twong quan (correlation), cua X va
Y, ky hiéu bdi R[X,Y].
Hiép phwong sai (covariance) cua X va Y, ky hi¢u boi Cov(X,Y):
Cov(X,Y)=E{(X-E[X])(Y —E[Y]}. (3.3.8)
Khai trién vé phai ta thu dugc
E{(X-E[X])(Y —E[Y])}
= E[X?] - E[X]E[Y] - E[X]E[Y]+E[X]E[Y] =E[XY]-E[X]E[Y].
Tt d6 nhan dugc cong thirc sau rat tién loi dé tinh hi€p phuong sai
Cov(X,Y)=E[XY]-E[X]E[Y]. (3.3.9)
Hé s6 twong quan (correlation coefficient) ciia X va Y, ky hiéu béi
p(X,Y) (hay pxy):
Cov(X,Y)  E(X-EX])(Y-EY])

X,Y)= = 3.3.10
Pl ) JVIX]VVIY] JVIX] VVIY] ( )
Tinh chat.

a) -1<p(X,Y)<1. (3.3.11)

b) Néu p(X,Y)==1 thi BNN nay biéu dién tuyén tinh qua BNN kia, cu thé
13, ton tai 2 s6 thuc a, b, a cing ddu v6i p(X,Y) dé Y =aX +b.
Tanoi rang X va Y khong twong quan néu p(X,Y)=0. Diéu nay tuong
duong voi
Cov(X,Y)=0 hay E[XY]=E[X]EY]. (3.3.12)

Trai lai, X va Y goi la tuong quan véi nhau.
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Luu y: Néu X va'Y doc 1ap thi E[XY]=E[X]E[Y] (xem (2.2.6)): Ching
khong tuong quan.
Diéu nguoc lai khéng dang: C6 nhitng vi du ching t6 ring, Cov(X,Y)=0
nhung X va 'Y khong doc lap.
* Cac ma tran
Cov(X,X) Cov(X,Y)
(COV(Y,X) Cov(Y, Y)j
(P(X,X) p(X,Y)j
p(Y,X) p(Y,Y)
C6 thé viét chiing dué6i dang
VIX]  Cov(X,Y)
(ch(X,Y) VIY] j

1 p(X,Y)
p(X,Y) 1

§3.5. HAM CUA CAC BIEN NGAU NHIEN (1 tiét)
3.5.1. Him v6 hwéng cia mot BNN

Cho X 1a BNN trén khong gian xac suat (S, F, P) cony =g(x) 1a ham sé (do
dugc) trén R . Khi do6

Y =g(X)

12 mot BNN. Chang ta muén tim luat phan bd cia BNN Y nay.
a) Truong hop roi rac.

Gia sir X 1a BNN roi rac voi bang xac suat

Ma tran hiép phwong sai

Ma tran hé sé twong quan

>

dbi xtmg, xac dinh khong am.

X ) CHEEE S
P |py. .. pn-

Néu g(x;)# g(xj ) v6imoi i # j thi co ngay bang x4c suat ciia Y

Y o |g(xq) - - - og(Xp) -
p P - - . Pn

Néu c¢6 mdt hodc mot sb cot cot i, j ma g(xi ) = g(xj) thi ta chi viéc gOp cac

cOt nay vdi xac suat bang tong cac xac suat tuong ung.

X 0 1 2
P O,2 093 035

Vidu 3.8. Cho bang

V6iY =X?-2X -3 tacod

P(Y =-4)=P(X?-2X-3=-4)=P(X =1)=0,3;
P(Y =-3)= P(X?-2X -3=-3)=P(X = 0)+ P(X =2)=0,7.
Y -4 -3
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P 103 0,7

Vay bang xac suat cia Y:

Ta c6 thé thu duoc bang nay bang cach 1ap bang sau rdi gop cot 2 v6i cot 4

X 0 1 2
Y -3 -4 -3
P 0,2 03 0,5

b) Truong hop lién tuc. Thuong chung ta phai tim ham phén b ca g(X) roi dao
ham ham nay dé thu dugc ham mat d¢. Xét vi du sau.
Vi du 3.9. Phép bién d6i tuyén tinh. Cho Y =aX +b, (a=0).
Véi a>0 thi
F(y)=P(@aX+b<y)=P(X<(y-b)/a)=F((y-b)/a);
= =ti( )= L2200 s

af L a

Xeét truong hop a<0, cong thirc (3.5.1) cling dling. #
Trong trudng hop tong quat chung ta c6

Fr()=PEX)<y)=RXeg (v},  (35.2)
trong do g ((~;y]) 1a nghich anh cua tap (—;y] qua anh xa g(.):

g (—myl) ={x e R:g(x) <y} . (35.3)
Theo (2.1.18), néu X 1 lién tyc v6i ham mat do fy (x) thi
Fay )= [ fx(x)dx (3.5.4)
{x:g(x)<y}

bl. g(x) la ham don diéu.

Dinh Iy 3.12. Gia st X 1a BNN vdi tap gia tri 1a mién I va ham mat 4o fy (x)
con g(x) la ham don di€u, kha vi lién tuc trén I sao cho tdn tai ham nguoc
x =g (y) ciing kha vi lién tyc. Khi d6 BNN Y =g(X) c6 ham mat d6 la

dg”'(v))|

fy (y) =fx (g7 (y)) %

(3.5.5)

H¢ qud. Néu X 1a BNN chuian N(u;c?) thi bién ddi tuyén tinh Y =aX +bcua
n6 cling 12 BNN chudn va Y ~ N(ap+b;a’c?).
2
X f—
xp {—( g‘) } Theo (3.5.5),

Chirng minh. fy(x)=
2c

2nc
_(y—(awb))z}D

1 y—b 1
fy(y) = —f (—jz...z—exp
v |a| *a \2ma’c? 2a%c"”

b2. g(x) khong la ham don diéu.
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Néu g(x) 1a ham khong don diéu thuc sy nhung ta c6 thé tach tap xac dinh

cua no6 thanh mot s6 khoang roi nhau:
I=l,ul,u..Ul,, linl; =9 (i#]),

sao cho trén mdi khoang |, g(x) 1a ham don diéu thi ta van c6 thé tim duoc mat
do fy(y) cuia BNN Y. Xét cac vi du sau.

Vi du 3.10 (Phép bién déi cosin ciia phdn bo déu). Xét

Y =cos(X), X ~U[0;2r).
Day 1a trudong hop thuong thiy trong hé thong thong tin.
*t<-1: Ry (t)=P(cos(X)<t)=0=f,(t)=0

*t>1 : Ry (t)=P(cos(X)<t)=1. ; arccost
* —1<t<1: Ry (t)=P(cos(X) <t) = ﬁ 2 \i

= P(cos(X)<t; 0< X < 1) \
+P(cos(X) < t; m< X < 2n)

= P(arccost < X < 1) + P(n < X < 2n—arccost)

- i[(n —arccost) + (2n — arccost — )]

—arccost 1
= fy (1) - m . #

Vi du 3.11 (Phép bién déi hét ngon (clipping transformation)).

Pinh Iy 3.13. Gia st rang X 1a BNN voi ham mat do fy (x) con ham s
y =g(x) kha vi lién tuc sao cho phwong trinh 4n x:

y-9(x)=0

o thé giai ra n nghiém x, =x,(y), k=1,2,...,n, cac ham x, (y) kha vi lién tuc.
Khi d6 BNN Y =g(X) c6 ham mat d¢ 1a

f )= 3 fy (X (¥)

k=1
(O nhiing noi ma khong c6 nghiém tht k thi 1ay fy (x, (y))=0).
3.5.2. Ham vé hwéng ciia hai bién ngiu nhién
Dinh Iy 3.14. Gia stt z=g(x,y) 1a ham 2 bién (do dugc) con fyxy (X,y) 12 ham
mat d6 dong thoi ciia 2 BNN X, Y. Khi d6, ham phan b6 cia Z=g(X,Y) 1a
F22)= [[  fuy(xy)dxdy. (3.5.7)
{(xy): glxy)<z}
Nhdn xét. i) Pao ham hai vé (3.5.7) ta nhan duoc mat d6 f,(2).
ii) (3.5.7) dtng vé6i (X,Y) dang bat ky (lién tuc, rdi rac, hdn hop). Néu XY
roi rac hay hon hop, fyy (x,y)sé chira ham delta.
Vi du 3.12 (Tong hai bién ngdu nhién). Xét truomg hop Z=X+Y . Thé thi
z=x+Yy ; cong thic (3.5.7) tr¢ thanh

dx ()
s ‘ (3.5.6)
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oo Z-Y

F2(2)= | | fxy(xy)dxdy.

—00 —00

Pao ham 2 vé theo z ta nhan duoc

f2(2)= | fxy (z-y.y)dy. (3.5.8)#

H¢ qud. Néu hai BNN X va Y doc 1ap v6i mat d6 tuong tmg 1a
fy (x) vy fy (y) thitong Z=X+Y c6é matdo la

ey (X)= [ fx (x=)fy (t)ct

—0o0

- TfY(x—t)fx(t)dt. (3.5.9)

—00

Chimg minh. Vi fyy (,y) = fx (X)fy (y), 4p dung (3.5.8) thi

fxay (X) = [ fxy (Z—y,y)dy = [ fx(z—y)fy (y)dy,

ta nhan dugc dang thirc thir nhét ciia (3.5.9). Pang thirc thir hai suy tir tinh d6i
xung. [

Tich phan & vé phai cua (3.5.9) ¢ ¥ nghia quan trong, thudng xuyén duoc
st dung sau nay, goi l1a tich chap cia 2 ham fy (x) vufy (y). Tich chap dugc dinh
nghia khong chi cho hai ham mat d6 ma con cho hai ham bat ky.

Dinh nghia. Tich chap (t€n khac: tich phan chdp) cua hai ham f(x) va g(x),
ky hiéu f(x)*g(x) 1a ham s6 xac dinh boi

f(x)*g(x) = T f(x - t)g(t)dt (3.5.10)

(néu tich phan & vé phai ton tai).
Ngoai tinh chat tuyén tinh, tich chap con c6 tinh chét giao hoan:
f(x)*g(x) =g(x)*f(x).
Nhu vay, hé qua trén kheamg‘dinh rang, mat do cua tong 2 BNN doc lap bang
tich chép cia 2 mat d§ thanh phan:
fay (%) = f (x) £Fy (%) (3.5.11)
3.5.3. Véc to ham ciia véc to' ngiu nhién
Gia st (X,Y) 1a VINN v6i ludt phan bd da biét, ta di tim phan bd dong thoi
cua U=u(X,Y), V=v(X,Y) vo1 u=u(x,y), v=v(x,y) la 2 ham cho truédc.
Dinh Iy 3.15. Gia sir rang VINN (X,Y) c6 ham mat d¢ 1a fyy (x,y)va dnh xa
(x,y) > (u,v) xéc dinh trén tap gia tri cia VINN (X,Y) cho bdi
u=u(x,y)
{V =V(X,y)

la song anh véi anh xa nguoc

(3.5.16)
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{X:X(“’V) (3.5.17)
y=y(u,v)

sao cho hai ham x =x(u,v), y =y(u,v) kha vi lién tuc, khi do

Dixy)} (3.5.18)

fuv (U, v) =fxy (X(u,v),y(u,v)) D(uv)

trong do % 1a dinh thtrc Jacobi ctia phép bién ddi (3.5.17).
u,v

Khi (3.5.16) khong 13 song anh ¢6 thé sir dung dinh 1y sau.
Dinh Iy 3.16. Gia st rang
1) VINN (X,Y) c6 ham mat d9 fyy (x,y).
ii) Cac ham s6 u=u(x,y), v=v(x,y) xac dinh trén tip gia trj Q cia VINN
(X,Y) sao cho voi moi (x,y) € Q, hé phuong trinh

—u(x,y)=0
u=ux.y) (3.5.19)
v-v(x,y)=0
c6 thé giai ra k nghiém
{X‘ =alvyy gk
Yi =Yi(uv)
trong doé cac ham x; (u,v); y;(u,v) kha vi lién tuc véi dinh thirc Jacobi
D(u,v) ¥ Wi
ou ov

Khi do, (U,V) 1a VTNN véi ham mat do

k V.
fuv(u,v>=§fxy(xi(u,vxyi(u,v»%‘. (3.5.20)

(Néu vé6i (u,v) ma hé (3.5.17) khong c6 nghiém thi j:
x=X;(u,v), y=y;(u,v) thicoi fxy(xj(u,v),y;(u,v))=0).

§3.6. MOT SO PHAN BO NHIEU CHIEU
3.6.1. Luét phén b6 Poisson nhiéu chiéu
3.6.2. Luét phéan b chuin nhiéu chiéu
BAI TAP: Phan b6 xac suit 2 chiéu (1 tiét)
Phéin b diéu kién (1 tiét)

b) Thao luian

c) Tu hoc §3.6. MOT SO PHAN BO NHIEU CHIEU

d) Bai tap chuin
bi toi thi¢u

Tai liéu Tai ligu [1], tr....
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Chuong, muc: 3

Tiét thi: 29-32 Tuén thir: 8
Muc dich, yéu cau:
e Nim duoc 4 dang hoi tu va mbi quan h¢ gitra chung
e Céc luat s6 16n va dinh 1y giéi han trung tam
e Lam dugc bai tap
- Hinh thie t6 chire day hoc:
Hinh thtrc chu yéu: Ly thuyét, thdo luan - tu hoc, tu nghién ctru
- Thoi gian:
Ly thuyét, thdo luan: 4t - Ty hoc, tu nghién ctru: 4t
- Dia diém:
Giang duong do P2 phan cong.
- Ngi dung chinh:
§3.7. Sy hoi tu cua day cac bién ngau nhién
Bai tap vé vector ngau nhién

§3.7. SUHOI TU CUA DAY CAC BIEN NGAU NHIEN (1 tiét)
3.7.1. Cac dang hi tu
a) Dinh nghia. Gia st X va X, n=1, 2, ... 1a cic BNN cung x4c dinh trén
khong gian xac suat (S, &F, P).
1) Ta no1 day cac BNN {Xn} héi tu chic chin téi BNN X néu
lim X, () =X(¢), V§eS.
n—oo
i1) Ta n61 day cac BNN {Xn} hoi tu hau chic chin téi BNN X va viét
X, —2>X (hay X, = X (a.s.)) néu ton tai bién ¢ A =S véi P(A) = 1 sao
cho
lim X, (§) =X(C), VCeA
n—oo

(a.s. 1a chir viét tat ciia almost sure).
iii) Ta néi ddy cac BNN {X, } héi tu theo x4c suat t6i BNN X va viét
X, — X néu

lim P{[X, -X|>&}=0, Ve>0.
n—oo
iv) Ta n61 day cac BNN {Xn} héi ty trung binh cdp p (0 < p <) téi BNN
iy L . .
Xvaviet X, —F—>X (hay X, - X theo trung binh cap p) néu
E|X,[" <o, vn va lim E|X, -X[" =0.
n—oo

v) Ta n6i day cac BNN {Xn} hoi tu theo luat (tén khac: theo phan bd) dén

BNN X va ta viét X LN hay Fy = Fx néu
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n—oo 1
tai moi diém lién tuc ctia ham phan bd Fx (x).

Hoi ty trung binh cap hai 1a quan trong nhét. Hoi tu trung binh cap hai con
goi 1a hdi tu binh phuong trung binh hay M.S. - hdi tu (mean square
convergence), ky hiéu l1a

X, — M5 ,X (n—> ) hay Li.m. X, =X

(Li.m. 1a viét tit ctia chit limit in mean).

Riéng v6i hoi tu theo luat, cac BNN X va X c6 thé xac dinh trén nhirng
khong gian x4c suat khac nhau.
c. Moi quan hé giita cdc dang hji tu

Dinh 1y sau néu 1én mdi quan hé giira cac dang hoi tu néu trén.

Dinh Iy 3.25. 1) Day {X,} hoi tu hau chic chin s& hoi tu theo x4c suat:

X, % 5X = X, —5X.
i1) Day {Xn} héi ty binh phuong trung binh thi cling hoi tu theo xac suit:
X, ~MS X = X, —L5X
i11) Day {Xn} hdi tu theo x4c suit thi cling hoi tu theo luat:
Xa X = Xa —L5X

Moi quan hé gitra cac dang hoi tu thé hi¢n ¢ gidn do6 sau

Chicchin [ HAuchicchin [| Theoxicsuét [ | Theo luat

7

Theo trung

3.7.2. Cac dinh ly gid¢i han
a. Bat dang thirc Chebyshev

Giastu X la BNN v6i ky vong E[X] va phuong sai V[X] hitu han. Khi do,
Ve >0 xay ra bat dang thuec:

P{|X—E[X]|28}£L§(]. (3.7.1)
€
Churng minh. Ta ching minh cho truong hop X lién tuc. Ta c6:
+00 E[X]-¢
V[X] = j (x — B[X])*f(x)dx > j (x — B[X])*f (x)dx

+ [ x=EXDf(x)dx 2 e’P{|X ~E[X] 2 &}
E[X+e

Nhan dugc dpem. a
P6i khi dang sau ddy cua (3.7.1) cling rét tién loi:
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P{‘X—E[X]‘<a}21—%.

Dac bi¢t, khi e=nc (o =+/V[X] ) chung ta thu dugc

P{|X—E[X]|<nc}21—%.

Néu chon n =3 thi

P{[X-E[X]|<3c} > g. (3.7.2)

Bét dang thirc (3.7.2) ciing dugc phat biéu dudi dang quy tic 3o:

M&éi BNN khéng léch khéi gia tri trung binh ciia né mét hrong 36 véi
xac xuat kha 16mn.

Chung ta thiy xac sut “kha lon” ¢ day chi la 8/9, thip hon rat nhiéu so (!
0.9973 ¢ truong hop X c6 phan bo chuan theo cong thure (2.3.26). Nhu vay, néu
bict thém thong tin veé tinh chuan cua BNN X, chiing ta co nhitng khang dinh
manh hon vé kha néing xudt hién bién cé {|X —E[X] | < 36}.

b. Ludt yéu sé lom
Dinh ly 3.27. Cho day BNN {Xn} doc 1ap, cung phan bd voi ky vong

E[X;]=m va phuong sai V[X;]= o2 hitu han. Khi d6, véi moi & >0 ¢b dinh thi

lim P{
n—oo

Chitng minh. T gia thiét suy ra

E{X1+"'+X“}:p' V|:Xl+"'+Xn:|:G_2.
n ’ n n

Xy+..+ X,
n

—p

< s} =1. (3.7.3)

Ap dung bt dang thirc Chebyshev chung ta c6

2
P{M_u <8}21_0_2_
n ne
Chuyén qua gi6i han khi n — oo ta nhan dugc dpem. O

Theo cac dang hdi tu xét dén ¢ muc 3.7.1, luat yéu s6 16n chinh 1a:
Poi véi diy BNN doc lap, cung phin b6 véi phwong sai hiru han, diy
trung binh cong hoi tu theo xac suat dén ky vong chung cua day.

_ Dinh Iy nay dugc néu ra boi Bernoulli & cudi thé ky 17 nhu la thanh cong
dau tién cua ly thuyet xac suat non tré. Thyc ra, voi cung gia thiét, ching ta con
thu duoc su hoi tu hau chac ’chén, dang hoi tu manh hon hoi tu theo xac suat. Do
1a ndi dung cua luat manh s6 16m, cong trinh thudc vé Kolmogorov.

c. Ludt manh sé lon
Dinh ly 3.28. Cho day BNN {Xn} doc 1ap, cung phan bd voi ky vong

E[X;]=p va phuong sai V[X;]=o? hitu han. Khi d6
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P{lim Kbt Xy =u}=1- (3.7.4)
n—»00 n

Nhu vy, v6i diéu kién néu ra, ddy trung binh cfng (X, +..+X,)/n
hdi tu hiu chic chin dén ky vong 1.
d) Dinh ly gidi han trung tam

H¢ qua (Dinh Iy gioi han Moivre - Laplace)

Gia str Z,, 1a BNN c6 phan b nhj thirc B(n;p) (0 < p < 1). Dat:

T —Zn 0P (3.7.7)
v/ pq
Khi d@6
X L
lim P{T, <x} j 2d (3.7.8)
n—oo .

Noi cach khac, {Tn} hoi tu theo luit dén phan bé chuan tic.
Nhu vay, véi n 16n chung ta c6 xap xi
P{T, <x} ~ F(x) (3.7.9)
v6i F(x) 12 ham phan b chuin tic.
Bay gid ta quay tré lai tinh xap xi P, (k; + k,) nhu da duara ¢ (1.3.8). Taco
P, (k) +ky) =P{k <S; <k,|

kj—np S —np k —np}
=pJ- <o <=2 227y CD(
{ Jnpg  npg  y/npq \/np \/np
Cudi cung, vi (x)=1/2+ ®((x) chiung ta nhan dugc Xap xi
P,(k;+ky) = ©y(x,)—Dy(xy), (3.7.10)

trong do X; = Ki —np 1=12

" Jnpq

2

1t
e 2dt -  ham Laplace.
\/27’5'[
0

Nguoi ta thdy rang xap xi 1a tot néu np > 5;nq> 5 hodc npq > 20.

Dy (x) =

Vi dy 3.21. Xac suat tring dich cua mdt xa thu khi ban mot vién dan vao bia
1a 0,75. Tinh xac suat dé xa thu do ban 100 vién c6 81 phat tring dich trd 1én.
Gidi. np, nq > 10, ching ta c6 thé 4p dung cac két qua néu trén.
P =Py (81+100) = D (x;) = Dy (xy);

81-100.75 ~__ 100-100.75
J1000,75.025 7 2T J100.0,75.0.25
Tra bang ta c6

D((1,38)=0,4162; D (5,77) = D((3,0)=0,5000;
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= P=0,5000—-0,4162 =0,0838 ~ 8%.
Dinh ly 3.30 (Dinh ly gidi han Poisson).
Ty doc (xem [1])
Vi du 3.22. Xéac suét dé trong 1 1an bay, mot loai may bay trén mot tuyén
duong nhit dinh bj tai nan 1a p = 107*. Tim x4c sut dé trong 1000 1an bay c6: a)
mot 1an bi tai nan; b) it nhat 1 1an bi tai nan.

Gidi. Ta c6 thé ap dung Dinh Iy gi6i han Poisson véin = 1000, p = 0,0001;
A=np=0,1.

Py =P (D) = e

1
01 % =0,0905 ~ 9%.

01 (0,D)°

0,0952 = 9,5%.

Pay 1a nhitng x4c suat kha nho.
Néu bay gio p = 0,001, tinh toan tuong tu ta duge P, ~0,3679;
P, ~0,6321. Pay lai la nhiing xac sut kha 16n.

BAI TAP: Cic so diic trung ciia VINN(2 tiét)
Ham cua cac BNN (1 tiét)

b) Thao luén

c) Tu hoc

d) Bai tap chuin
bi toi thi¢u

Tai liéu Tai ligu [1], tr....
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Chuong, muyc: 4
Tiét thi: 33-36 Tuén thi: 9
Muc dich, yéu cau:
e Mot s6 hiéu biét vé miu, cac phép lay mau tét
e CAc tiéu chuan UL: khong chéch, vimng, hiéu qua, hop 1y
- Hinh thire t6 chire day hoc:
Hinh thirc chu yéu: Ly thuyét, thdo luén - ty hoc, tu nghién ctru
- Thoi gian:
Ly thuyét, thdo luan: 4t - Ty hoc, tu nghién ctru: 4t
- Dia diém:
Giang duong do P2 phan cong.
- Nogi dung chinh:
On tap phan xéc suit
Chuong 4. Kiém dinh gia thu}:ét va udc lugng tham sd
§ 4.1 Mau va céac dac trung mau
§ 4.2. Uéc luong diém

On tap phan xéc suit
Chuong 4. KIEM PINH GIA THUYET VA UOC LUQNG THAM SO
§4.1. MAU VA CAC PAC TRUNG MAU (1 tiét)

4.1.1. Miu ngiu nhién
a) Dinh nghia
Dé nghién ctru vé BNN X, ngudi ta quan sat né n lan. Gia st cac gia tri quan
sat duoc 1a X,...,X, . Véc to ngau nhién (Xi,...,X,,) duoc goi 1a mot mau quan
sat vé BNN X. , ~
Dinh nghia. Gia st X 1a BNN vé1 ham phan bo F(x). Véc to ngau nhién
(Xy,...,X,,) v6i1 cac thanh phan X,,...,X, doc lap, cung ham phan bd F(x) duoc
goi 1a mot mau ngau nhién don gian vé BNN X; ,
N: kich thudc mau; X: BNN goc.
M6 rong sang truong hop X la mot VINN.
b) Cac phuong phap lay mau
bl. Tién hanh céc thi nghiém vat ly doc lap
Gia st cén tim hiéu vé dai lugng ya_it ly X l’lé;O do, npé nghién ctru tién hanh n
thi nghiém d€ xac dinh n6 mot cach can than nhat c6 thé, cac két qua do dac 1a
doc lap voi nhau. Ky hiéu X; 1a két qua do ¢ thi nghiém thtr i. VINN
(X{,....X,,) thu duoc 1a mot miu ngau nhién don gian vé X.
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~ bay la phuong phap co ban trong ky thuat. Tuy nhién nhiéu khi ta khong thé
tién hanh thi nghiém dugc, ma chi c¢6 thé tién hanh cac quan sat. Khi ay cac
phuong phéap thu nhan mau sau day thuong dugc sir dung.

b2. Chon mau hoan lai, khéng hoan lai

Ta hinh dung cic phuong phap nay bing 2 vi du sau day.

Vidu 4.1. Gia su chung ta co mat 16 hang gdm N san pham, trong d6 c6 m
chinh pham va N —m phé pham. Pdi v6i mdi san pham trong 16 hang, dé y dén
chat lugng cua no ta dat

1 nCu sfin phEm I tét;
{0 nCu sﬂn phEm Iy hang.

Dé nghién ctru vé X, ta rat ngau nhién (sao cho mdi c4 thé trong tong thé déu
c6 kha nang tham gia vao mau v6i xac sudt nhu nhau) 1an ddu mot san pham,
kiém tra chat lugng cua no roi dat
1 nCu sfih phEm I tét;

- {0 nCu sfjn phEm Iy hang.

Sau d6 tra lai san pham vao 16 hang. Lap lai n 1an rat nhu trén, goi két qua

thu duoc 1a (X,...,X,) . Py 1a mau ngau nhién theo phép ldy mAu hoan lai. B6

12 1 mAu ngau nhién don gian vé X. #

Vi du 4.2. Mau ngdu nhién hoan lai c6 nhugc diém 1a mot phan tir c6 thé
xuét hién mot s6 1an trong mau. Khi tip nghién ctiru khong that dong nhat va sb
phan tr N ctia n6 kha 16n, ngudi ta hay dung phwong phap chon mau khéng hoan
lai. Cung v&i cac gia thiét & Vi du 4.1 nhung sau mdi lan rat san pham, dem kiém
tra chat luong, ghi nhan két qua, ta khong tra san pham vé lai 16 hang nira ma rat
tiép san pham khac. Két qua thu duoc (X;,...,X,) goi la miu ngiu nhién vé X
theo phuong phap khong hoan lai. #

Téng quat. Ban chat batky,

C6 nhiéu dau hiéu quan tAm: mau ngau nhién vé VINN.

Nhan xét.

Co thé ching minh duoc, néu n < N thi mau ngau nhién theo phuong phap
lay mau khong hoan lai ¢6 cac thanh phan “gan nhu doc 1ap véi nhau” va “gan
nhu ciing phan bd” véi X. Néu

n<N/10
thi trong tmg dung c6 thé xem hai phwong phap ldy miu cho két qua tot nhw
nhau: Miu theo phuwong phap khong hoan lai ciing ¢6 cic thanh phin xem
la doc 1ap va cung phan bé voi X.

Phuong phap chon mau khong hoan lai twong duong vdi chon ngau nhién
dong thoi n phan tir tir tong the.

Néu ta dd c6 mdt ban danh sach vé cac ddi tuong can nghién ciu, ta c6 thé
chon ngiu nhién n phn tir tir danh sach bang cach st dung diy sb ngau nhién (tir
bang cac s6 ngau nhién hay tao ra tir may tinh bat ky).

Chéng han, ta can chonra 9 phﬁn tr tr danh sach gém 430 ph?m tir da danh
s6. Ta tao ra mot diy s6 ngiu nhién, mdi s6 gdbm 3 chit s6. Vi du, két qua 1a:

346, 958, 034, 804, 501, 523, 047, 088, 034, 800, 419, 648, 907,

861, 822, 909, 928, 356, 210, 850, 569, 098, 258, 934, 487, ...
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Ta hay chon lan luot tur trai qua phai, s6 nao 16n hon 430 hodc di c6 mat &
trude do6 thi bé qua, s ndo nhod hon hay bang 430 thi dwa vao miu cho dén khi
du 9 phan tir thi dimg lai. Cac phan tir cia mau sé 1a

346, 034, 047, 088, 419, 356, 210, 098, 258.
b3. Ldp mau theo cdch phan tang.
b4. Ldp mau theo hé thong.
Con cach chon mau khac 1a chon mau theo kinh nghiém

Tuy tung truong hop ma ching ta lya chon phuong phap chon mau phu hop.
Lua chon phuwong phap thu nhan mau lu6n dugc nha nghién ctru tinh dén, song
chung ta phai nh¢ rang quan sat (ngu ¥ rang quan sat chinh xac) méi la diéu quan
trong nhat. Nhin manh vai trd clia quan sat, Desabie - mét tac gia co tiéng trong
linh vuc diéu tra tham do - di viét: “Mot cudc diéu tra tham do that bai thi
thudng 1a do céc sai 1éch trong quan sat chir khong phai do céc sai lam trong viée
1ap mau”.

T nay, gia st rang chung ta ¢6 mau ngau nhién don gian vé BNN X, va chi
xét nhimg mau nhu vy. Dé cho gon, chiing ta dung tir ‘mau” dé chi miu ngiu
nhién don gian. C6 thé mau chua phai 1a mau don gian, khi ¢6 nha nghién ciru
phai diéu chinh hogc hiéu két qua thu duoc mot cach phu hop.

Khi d3 c6 cac quan sat vé BNN rdi, tirc 1a da co két qua ¢ cua thi nghiém
ngiu nhién) thi mau s& 1a mot bo s6 (X,(§),...,X,(£)), d6 1a mot bd n s6 cu thé
nao d6. Ta goi day 12 mau cy thé (hay mAu quan sat), thuong dugc ky hiéu boi
nhiing chir c4i nho twong ung, chang han (xy,...,x,,) trong trudng hop nay.

4.1.2. Mot s6 dic trung miu

a) Ham phdn bo thuc nghiém
Dinh nghia. Hdm phén b thuc nghiém (con goi la ham phén bd mau) tir
mau (X,,...,X,) vé BNN X 13 ham s
0 nQu x <min(Xy,..,Xp)

Fr(x)= K ik phQh td trong mEL < x
n
1 nQi max(Xy,...,Xp) <X
Dinh Iy 4.1 (Glivenko). Néu (X{.,X,,) 1a mot mau tir BNN ¢6 ham phan
bd F(x) thi ham phan bd thuc nghiém E,(x) twong tmg hoi tu déu hau chic chin
vé F(x), cu thé 1a:
P{sup|F,(x)-F(x)| >0, (n > o)} =1.  (4.1.1)
xeR
Y nghia. Khi n 16m, ta c6 thé dung xap xi  F(x) = F,(x), xeR.
b) Ky vong madu
Pinh nghia. Ky vong mau (hay trung binh mau) ciia BNN X trng véi mau
ngau nhién (X,...,X,,) ky hiéu béi X va dugc tinh theo cong thirc
S 18 1
X==>X;==(X; +..+ Xy). 4.1.3)
n* n

Tinh chat. Néu E[X]=p, V[X]=0c thi
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E[X]=w
V[X]=0c?/n. (4.1.4)

Chung minh. . [

Nhdn xét. Ca hai BNN X va X déu tap trung quanh ky vong p, song ky
vong mau X tap trung quanh p manh hon, it phan tan hon so véi X quanh p.
Vay, ta dung X lam xap xi cho p lgi hon dung X.

Céch tinh. Khi dd c6 mau cu thé (X{s--»X,) » Ky vong miu cling nhan gi4 tri
cu thé, d6 1a

i:l(xl +...+Xn).
n

Néu méu cu thé cho duéi dang bang phan bd, chang han gia trj x;nhan n,

k
lan, ..., Xy nhan nklén, n =Zni thi
i=1
k
_ (X +o X))+ X+ X 1
= ) (X k)z—Znixi. (4.1.5)
n

Néu mau cy thé cho dudi dang bang phan bd ghép 16p, chi viéc 1ay gia tri
trung tAm ctia moi 16p 1am dai dién cho 16p d6

Vi du 4.3. Tudi tho (don vi: 100 gid) mot loai linh kién do cong ty A san
xuat ra duoc kiém tra ngiu nhién, két qua ghi thanh bang.

Tudi <7 |7,0-7,5|7,5+8,0 | 88,5 |85+9,0 | >9,0

n; 3 15 18 14 20 4

1

Kich thudc mau la: n=3+15+18+14+20+4=74.

Dung gia tri chinh gitra cta moi khoang lam dai dién cho khoang do, riéng
v6i khoang dau va cudi ta chon gia tri hop 1y nao d6, vi du 6,5 va 9,5 tuong ng,
ta dugc

:—[36 5+15.7,25+18.7,75+14.8,25+20.8,75+4.9,5] =8,057.#

¢) Phwong sai mdu
Dinh nghia. Ta goi dai lugng
n _ n _
=N XX =YX -(XP (@.16)
o N 0o ,
la phuong sai mau tng véi mau (X,,...,X,) tir BNN goc X.
Tinh chat. Gia st E[X] = p; V[X]=c>. Khi d6

n-—1
5.

E[S?]= (4.1.7)

Tir (4.1.7) ta thiy E[SZ] # 2. Theo ngdn ngit cua 1y thuyét ude luong (UL)
néu ra & bai §4.2 dudi day, S* 1a mot UL chéch cua o . Pé c6 UL khong chéch,
ta phai sira d6i S* di dbi chut.
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Dinh nghia. Phuong sai mau hiéu chinh tng véi mau (X,..., X, ), ky hiéu

. =2 . .
boi S 1a dai lugng xéc dinh theo cong thirc

n —_—
§° :LZ(Xi ~X)?. (4.1.8)
n-13
RO rang 1a §2 -1 g
) n-1
Tinh chat
E[S7] = o2. 4.1.9)

Pinh nghia. Cin bac hai ciia phuong sai mau (twong tng, phuong sai hiéu
chinh mau) duoc goi la do 1éch tiéu chuian mau (twong ung, do 1éch tiéu chuin
mau hiéu chinh).

Cdch tinh. Néu mAu nhan gia tri cu thé (X{5..,X,) thi phuong sai mau va

phuong sai hiéu chinh mau s& nhan gia tri cy thé s? va (3)* voi
213 LR i) 2
S :—Z(xi—x :—in -(X)7,
0oy g

1 n
() =—> (x;-%)% (4.1.10)
n—lé

Tuy nhién, thuong thi miu cho dudi dang bang phan bd thuc nghiém, & d6
gia tri x; nhan n; 1an, n=n; +...+n; . Khi do

1 & L, 1& _
P == n;(x; =% == n;(x,)* - (%),
n; n;

(§)Z:sz:n.(x.—i)2: 1 lin-xz—(i)z (4.1.11)
n—lizll ' n-1 nizl11 R

e Swdung may tinh bo tii N

Moi phan mém thong ké déu c6 chuong trinh tinh ky vong mau X va céc
phuong sai $2,52.0 day chung ta dua ra cach tinh don gian dung may tinh bo tai
CASIO Fx-500MS.

Xoad nho thong ke SHIFT MODE ! -

MODE SD [2]

Goi chuong trinh tinh

Nhdp dir liéu. Chang han, ta can nhap dit liéu & Vi du 4.3.

Gia tri 6,5 dugc tinh ba lag_ *° M+ M+ M+

Thay cho 4n M+ ba 1an, ta c6 thé nhép theo cach thi hai sau ddy

6.5 SHIFT ; 3 M-+

Cir thé ta nhap cho hét dit lidu.
Goi két qua. Nhap dir liéu xong thi goi két qua nhu sau.
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Gia tri An Két
c6 the qua cu
tinh thé

>x; | [sHIFT] [s—suM] |3 x*[1]

2% SHIFT| [S-SUM]| | ¥"x [2] | [=] 841,43
X

596,25

SHIFT| [S-VAR| [ x[1]] [=]

S
- SHIFT| [S—VAR| [xon 2]] [=] | ®0°7

SHIFT| |S—VAR| | xon—1 [3] E 0,7090
0,7138

§4.2. UOC LUQNG PIEM (1 tiét)

4.2.1. Nhirng van dé chung vé uéc lwgng tham )
a) Khdi niém wéc luong diém

Dinh nghia. * Mdi ham (do dugc) T(Xy,...,X,) cia mau (Xi,...,X,) duoc
goi 1a mot théng ké.

* Mot thong ké 0= T(X,,..., X,) ding dé UL (x4p xi) tham s6 0 dwgc goi la
UL diém cua 0. 7

Sau nay d€ cho gon, ta s€ goi UL diém la UL (estimator).

Nhdn xét. Tham so khong thé c6 mat trong bieu thtrc cua T(X,,...,X,)).

Khi mau d3 nhan gia tri cu thé (X{,.--,X,,) thi UL cling nhén gia trj cu thé
T(xy,...,X,,) (con goi 1a gié tri quan sat ctia UL) (estimate).
b) Cdc tiéu chudn wéc luong.

bl. Udc luong khong chéch

Dinh nghia. UL 0= T(X,,...,X,) cia tham sb 8 duoc goi 1a khong chéch
néu

Eo[T(X;,...X,)]=6, 0€0. (4.2.1)
Tréi lai néu ton tai 0 € ® dé E[0]# 0 thi UL goi la chéch. Do chéch cho béi
Bias(0) = E[0]- 0 = E[6 - 0]. (4.2.2)

U6c lugng khong chéch dam bao rang, néu dung UL nay ta s& khong mac
phai sai s6 hé thong.
b2. Ubc lugng viing. Mot trong nhiing dic tinh ua chugng ctia UL la khi
kich thudc mau n du 1on, UL s& ¢6 do tin cdy du tot.
Binh nghia. U6e lugng 0, = T(X,,...,X,,) duogc goi 1a viing (consistant
estimator) néu véi moi € >0,
lim P(6, — e‘ <g)=1. (4.2.3)

n—o

Noi cach khac, khi n dan ra vo han, 06, dan dén 0 theo x4c sut.
Noéi ngan gon, ¢ thé yén tdm dung xap xi 0 ~ 0, khi n di 16n.
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b3) Udc luong hiéu qua

Dinh nghia. UL khong chéch 0= T(Xy,...,X,) sao cho c6 phuong sai nho
nhét trong cac UL khong chéch dugc goi la UL khong chéch véi phuong sai bé
nhat (hay UL hiéu qua).

4.2.2. Uéc lwong diém cac tham sé thong dung

a) Udc luong gid tri trung binh

Dinh Iy 4.2. Néu BNN gbc X ¢6 E[X]=p, V[X]=0c? <o thi ky vong miu

X 1a UL khong chéch, vimg va hiéu qua cua p.
Bang 4.1. Mot s6 UL tham s théng dung

Tham s6 A A ~ | Tinh chat
cin UL Thong ké UL Eg[0] | V0] ciia UL
Khong
Kyvong | & 1 2 chéch,
u = E[X] X = n(X1 +..+X,) " o vitng, hiéu
n qua, hop ly
cuc dai
Khong
i 1 ) A
Xac suat p_mm b pd=p VI;nhgcclllli,éu
5 1A - n 5 3
cuc dai
2 1 & = .
S :—Z(Xl -X ) Khong
n-1:3 © chéch, viing
Phuong 1
sai S*2 = —Z (X, - u)z ) Khoéng
o2 = V[X] = °© chéch, viing
Chéch,
ng ! n hop 1y cuc
dai

4.2.3. Phuong phap hop Iy cue dai (3¥)

b) Thao luin

c) Tu hoc

4.2.3. Phuong phap hop ly cuc dai

d) Bai tip chuin
bi toi thiéu

Bai tap vé nha cho ca chuwong 4
Tailiéu[1]:4(1-4-5-6-10—-11-12-13-14-17—
19-21-23-24—-25(a)—26(a,b) —27-29-30—-31-32
—33-34-35-37).

Tai li¢u [2]: Tr 153-157: 11, 12,15,17, 19,22

Tai liéu

Tai liéu [1], tr....
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Chuong, muyc: 4
Tiét thi: 37-40 Tuén tha: 10
Muc dich, yéu cau:
e Cach dung, cach tim khodng tin cay
e Ba bai toan kiém dinh théng dung
- Hinh thire t6 chire day hoc:
Hinh thirc chu yéu: Ly thuyét, thdo luén - ty hoc, tu nghién ctru
- Thoi gian:
Ly thuyét, thdo luan: 4t - Ty hoc, tu nghién ctru: 4t
- Dia diém:
Giang duong do P2 phan cong.
- Ngi dung chinh: ,
Kiém tra phan xac suat
§4.3. Khoang tin cdy
§4.4. Bai toan kiém dinh gia thuyét tong quat

KIEM TRA phin xac suit (1 tiét)

§4.3. KHOANG TIN CAY (1tiét)

4.3.1. Khai niém vé khoang tin ciy
Dinh nghia. Gia st (X,...,X,) 1a mot mau ngau nhién tir BNN géc X ma
luat phan bd phu thudc vao tham sé thuc 6 € ® . Khoang (0;; 0,), trong do
0, = T,(X;5., X, )5 0, = Ty (X,..., X,,) 12 hai thong ké nao d6 duge goi la khoang
tin cay v6i do tin cay 100p% cua 0 néu
PO, <0<0,)=p. (4.3.1)
bat o =1-p, goi la muc y nghia.
Hiéu 0, — 6, duogc goi l1a do rong khoang tin cay.
Khoang tin cay dugc goi 1a ddi ximg néu
P(06<0,)=P(©26,).
Thuong thi nguoi ta chon B =0,9; 0,95; 0,98; 0.99...
Khi c6 miu cu thé (x,, ...,X,) thay vao trén ta dugc khoang tin cay cu thé
(a;b) = (0y(xq, ... . Xp); 05(Xq, ... , X)) NA0O d0. Ké ca khi d6 ta ciing khong dugc
viét Pa<pu<b)=p!

4.3.2. Khoang tin cay cho ky vong 1 céia phan b chuin N(u; 62)

a) Pa biét phuong sai o . Luu ¥ rang khi o” 1a gia tri da biét, n6 khong
con 1a tham s6. Goi X 1a trung binh mau ciia miu (X5 Xy,

Ta biét rang Z = (i — M)\/H /6 ~N(0;1). Suyra
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X-p
P ¥&<za :P(|Z|<Za/2):1—2P(|Z|Zza/z):l_z%:B
2
— 5 s
QP(X_ﬁZ“““X*ﬁZa/z):B. 4.3.2)

Theo dinh nghia, khoang tin cay d6i xtimg véi do tin cdy p=1—o cua p 1a

oy (&) oy (&)
(X—ﬁza/z; X+$Za/2j. (433)

Nguoi ta hay viét khoang nay duéi dang X+ %za /» hodc
n

Xtg v6i g=—o (4.3.3%)

\/— Zy/2 -

Kich thuéc méu }

Do rong khoang tin cady [ =2¢, do tin cay B va kich thudc mau n 1i€n h¢
chét ché v6i nhau qua phuong trinh (4.3.3%). Néu biét 2 trong 3 dai lugng d6 ta
c6 the tinh duoc dai lugng con lai. N , q

Bay gio gid s voi do tin cdy B da cho, hay tim kich thudc mau n t6i thiéu
dé do rong khoang tin cdy khong vuot qua gia tri I, cho trude. Mubdn vy

2

c 46°7

IO :280 21228:2'_Z0L/2 <:>n>—a/2
Jn 12

Tur d6 ta tinh dugc kich thuéc mau n can thiét 1a
402 2 02 2
l’lZl’lO :_ZZOL/Q :_22(1/2' (434)
I €0

trong do 1 (gq)1a do rong (nra do rong) khodng tin cay doi hoi.
vVi du 4.8. Xem khdi luong mdt loai san phém 1a BNN chuén véi do 1éch
chuan la 1 gam. Chon ngau nhién 14 san pham, dem can thtr ta dugc két qua

Trong lugng 18 19 20 21

Sb san pham 1 5 6 2
Tim khoang tin cay d6i xtmg 95% cua khoi lugng trung binh cia loai san

pham trén. Néu mubn do rong khoang tin ciy 95% la 0,4g, ta phai can thir thém

bao nhifu san pham nira?
Khéi lvgng X~ N(u;1); 1-a=0,95. a/2=0,025;

Zas = 20,005 = 1,960; X =ﬁ(1.18+5.19+6.20+2.21) =19,643

=€ =L1,96O =0,524.

Jia

Nhu vdy, qua mau cu thé ta tinh duoc khoang tin cay doi xUrng cua khéi
lugng trung binh la 19,643 +£0,524 = (19,12; 20,17).
Bay gio ta tim s6 14n can tdi thiéu. Ta co

2
n z%zé/z 4.1 = 1,960 =96.04. Chon ny=96.  #
12 0,4
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Thuc té, khi taing n tr 2 > 3 —> 4, d6 rong khoang tin cdy gidm manh (tic la
d6 chinh xac tang manh). Néu tiép tuc ting n thi nira do dai khoang tin cdy tinh
theo (4.3.3%) c6 thé s& nho hon do chéch & va do chinh xac co6 thé khong giam
nhiéu so voi nd luc bo ra (xem (4.2.4)).

Tur d6 trong k¥ thuat, thudng phai tién hanh it ra la 2 thi nghiém; dong thot,
chi nhiing thi nghiém déc biét ngudi ta mai tién hanh qua 4. Néu mudn cai thién
sai sO thi nén nghi dén thay dung cu hodc phuong phap do hodc ca hai lam cho
sai s6 hé thong (d0 chéch) nhé hon.

Tom tat UL khodng cho ¢ Bang 4.2.

Bdng 4.2. Tém tdit UL khodng

Tham s < Thong tin ;
A T phin bo . Khoang tin cay doi xirng
can UL bb sung
2 _
5 ° (X * — Zo/2 j
Chuén da biét Vo
N(w;6%) 2 _ 3
y , [Xiita/z(n—l)J
chua biét Jn
Ky vong
g Bét k3 Mu 16 (i £ 3 j
a au 16n +—7z
y \/H a/2
Mi . X X
Mau 16n ;
E(L) 142y /N0 1=z, /<0
Poisson P()) Mau 16n _
(A-X)?=2z2,,A/n
XA4c suat Nhi thirc N _
Mau l6n ftz,, fd-1)
p B(L;p) n
S IR 2
u D Xi—w DX
. i=1 i=1
7 da biét = ; =5
Phuong | Chuan Yo2 (1) X(1-a/2)(D)
sai o2 N(p;62) N _, a _,
p DX -X) Y (X-X)
chua biét =l ; 5t
Tan(m=1) X(zl—a/z) (n—1)

Vidu4.9. ~Dé xac dinh khoéi lwong trung binh cua céc bao gao trong kho
nguoi ta can ngau nhién 15 bao va thu dugc X =49,8 va do I¢ch chuan 1a 0,397.
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Hay xac dinh khoang tin cdy (d6i xtng) ctia khbi lugng trung binh v6i d9 tin cay

95% khi coi khdi lwong ciia cac bao gao c6 phan bd chuan trong cac truong hop:
i) Biét phuong sai 13 0,5;

ii) Chua biét phuong sai.
Giai. i) o/ 2=(1-0,95)/2=0,025; Uj o5 =1,960;

o5

\/_ Zypn = \/_1960 0,358 = X +¢& = (49,44; 50,16) .

ii) Theo (4.3.6), tg o5 (15-1) = 2,145, _93%7

N T
Khoang tin cay 95% qua mau cu thé 1a 49,80+0,22 = (49,58; 50,02).
Vi du 4.10. Khi xac dinh Niken trong thép bang phuong phéap khéi luong
nguoi ta tim duogc cac gia tri 4,64; 4,67; va 4,65 (%) Ni.
1) Xéc dinh khoéang tin cay 95% cta ham lugng Niken trung binh.

i) Thyc ra, phuong phap khoi luong dé xac dinh ham lugng Ni trong thep la
phuong phap kha tbt: Theo cac cudn so tay luyén kim, sai 86 tuong dbi cua

phuong phap nay v6i ham luong Ni tir 2% dén 10% 13 0,5%; ¢ ddy, o =
0,5

100> ) =0,023(%) . Tim khoang tin cay 95% cho ham lugng Ni trung binh.
(4.653£0,038); (4,653+£0,026),
Vi dy 4.13. Mot ving ¢6 2000 ho gia dinh. D¢ diéu tra nhu cau tiéu ding
mot lgai hang nao do, nguoi ta chon ngau nhién 100 hd va thay c6 60 hd c6 nhu

cau ve loai hang trén. Vi do tin cdy 95%, hay UL bang khoang tin cdy (d6i
xung) s hd gia dinh c¢6 nhu cau vé loai hang trén.

Gidi. Goi M 1a sb gia dinh c6 nhu cau. Ty 1 s6 ho ¢6 nhu ciu 13
p=M/2000.

p €(0,6£0,096) =(0,504; 0,696)
= M € (1008; 1393).

Nhan xét. 1) Truong hop n nho.

it) Truong hop p nho. (Xem [1]). ‘ ,

Vi du 4.14. Nguon dién thé V dugc do 6 1an va céac két qua do 1a

221,5; 220,65 219,4; 218,5; 221,3; 221,0 (V).

Gia st phép do khong c6 sai sb hé thdng va duoc mo hinh hoa bai BNN
X =V +v véi gia thiét rang v c¢6 phan bé chuan N(O,G ). Tim khoang tin cay
95% cho o~ trong cac truong hop: ,

a) V=220(V) dabiet, b) V chua biet.

Gidi. (0,547;6,395) va cho o 14 (0,74; 2,53). (Khoang nay léch so v6i UL
s*2 =1,318 cta ¢?).

#

b) UL khoang 95% cho o2 : (0,548; 8,457). #
§4.4. BAI TOAN KIEM PINH GIA THUYET TONG QUAT (1 tiét)

4.4.1. Gia thuyét, ddi thuyét, quy tic quyét dinh, mién bac bé
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Gia str ta biét chz“i,c chin répg BNN X co phan b thudc vao mot ho £ nhung
ching ta lai khong biét, va muon ki€ém tra xem phai chang phan bo ctia X thudc
vao ho con £y hay ho con £x=£—%£.

Ta goi ménh dé ’

“Phan bo cua X thudc vao ho £ 1a gia thuyét, ky hi¢u laH, ;

“Phan b ctia X thudc vao ho £ 1 dbi thuyét, ky higu 1a H;.

Pé tra 101 cau hoi dit ra, ta 1ap mot mau quan sat (X{5e Xy) vé X. Tiép
theo ta xét BNN T =T(X,,...,X,) (vo1 T(Xy,...,X,) 1a ham do dugc) va goi
JOc R latap gia tri cua no. Chia J€ lam hai phdn R va R =3¢ —R (R do dugc)
roi quyet dinh theo quy tac sau day: ’ , ’ ,

Néu T(X,,...,X,) € R thi bac bo gia thuyét H, chap nhan doi thuyét H; .

Néu T(Xy,...X,) € R thi chap nhan gia thuyét H, (dung ra, ta chua c6 co s¢
dé bac bo H,, can chap nhan H,, cho dén khi c6 thong tin méi).

BNN T =T(Xy,....X,,) duoc goi la thong ké kiém dinh, tap R duoc goi la
mién bac bo (hoac mién tiéu chudn, mién téi han) (critical reglon) con tap R
duoc goi 1a mién chip nhan (reglon of acceptance) clia gia thuyét H,.

~ Viéce lya chon quy tic quyét d;\nh tuong duong voi Vlec~ lya ’ch(_)n thong ké ‘
kiém dinh T =T(X{,...,X,,) va mién bac bd R. Quy trinh dan dén quyét dinh ve
gia thuyét duogc goi 1a kiém dinh gia thuyét (test of a hypothesis), goi tit 1a kiém
dinh (test). .
4.4.2. Hai loai sai lam

Mobi }(iém dinh déu din dén mot trong hai loai sai 1am sau day:

Sai lam loai I:  Thuc ra H, 1a ding nhung ta lai bac bo;

Sai 1dm loai II:  Thuc ra H, 1a sai nhung ta lai chép nhan.

Dé cho rd, ta dwa ra bang sau néu 1én cac tinh hudng gip phai.

) Ket Chép nhan H, Béc bo H,
luan (béc bo H,) (chép nhan H,)
Thuc t&
H, ding Két luan dung Sai 1am (loai I)
H, sai Sai 1am (loai II) Két luan dung
Ky hiéu
P(R|H,) =P(T(X,.....X,) eR[H) (4.4.1)

1a x4c suat (mac) sai 1am loai I. Luu y rang H,, tham gia vao ky hiéu nay khong
c6 nghia 13 x4c suit diu kién, don gian, né noéi 1én rang H, la ding. Tuong tu,
xéc sudt (méc) sai 1am loai II x4c dinh boi

P(R|H,) =P(T(X,....X,) ¢ R|H,) (4.4.2)

4.4.3. Lwa chon kiém dinh

Céi ma ta c6 the 1am sau khi da Iya chon thong ké kiém dinh 1a Iya chon
mién bac bo R. L& ty nhién, ta mong mudn R lam cyc ti€u cd 2 loai xac suat
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pham sai lam. Tuy nhién diéu nay néi chung khong thé thuc hién duoc. Thuc
vay, vi
P(R|Hy)+P(R|Hy)=1; P(R[H))+P(R[H)=1;
mién bac bo R cuc tiéu P(R‘HO) thuong s& lam ting P(R[H,).
Gia thuyét 1a diéu chinh yéu. So sanh mirc d6 nguy hai cua sai 1am loai I véi

sai 1am loai IT, nguoi ta c6 xu hudng coi trong xac suit méic sai 1am loai I, nd
khong dugc 16n. Tur do, cho trude o € (0;1), nguoi ta chi xét nhitng kiém dinh

muc o, vo1 nod P(R‘HO) < a . Bai toan dat ra 1a, chon R sao cho

P(RH,) < o;
_ , (4.4.3)
B= P(R|H1) ®t cuc tiQu.
Boivi P(R|H,)=1-P(R|H,) nén P(R[H,) dat cyc tiéu khi va chi khi
P(R|H,) dat cyc dai; bai toan (4.4.3) trong duong v6i
P(R|H,) < o;
P(RH,) ®tcuc®i.

Giatri o goi la n}frc y nghia, thuong dugc chon 1a 0,10; 0,05; 0,02; 0,01 ...
tuy vao bai toan cu thé (*).

(4.4.3%)

4.4.4. Cac bai toan kiém dinh tham s6 co ban
Thong thuong, ho phan bd £ duge tham s hoa, né dugc cho boéi ho ham
phan bd da biét dang F(x,0), nhung tham sb 0 € ® = R¥ lai chua biét. Gia
thuyét H, bay gio tro thanh 6 € O < ©; doi thuyét H, tr thanh
9 e@Hl :®_®HO .
Néu ©y gom dung mét diém {6} thi ta c6 gia thuyét don; tréi lai, ta c6 gia
thuyét hop. Tuong ty nhu vay ta c6 khai niém dbi thuyet don va d6i thuyet hop.
Nhiéu bai toan kiém dinh gia thuyét hop co6 thé chuyén vé gia thuyét don. Dé

don gian ta chi trinh bay truong hop gia thuyét don.
Pinh nghia. D6i v6i bai toan kiém dinh gia thuyét don Hy: 6=0,, xét cac

quy tac kiém dinh mirc a.: P(R ‘HO) < o.. Ky hiéu xac suat dé thong ké kiém
dinh T(X,,...,X,,) roi vao mién bac bo R tinh véi phan bd F(x,0) 1a P(R|0). Dat
B(6) =P(R[6), 6@y, (4.4.4)

goi la ham lyc lu’qng (ham manh) cua kiém dinh.

Néu 0, € @H1 c0 dinh ma PB(0,) dat cuc dai thi kiém dinh dugc goi 1a manh
nhat mirc a.

Néu kiém dinh mirc o noi trén trén khong phu thuge vao 6, € Oy, thiné
duoc goi 1a kiém dinh mqnh déu nhat mic o . ’

Chung ta con han ché bai toan hon nira, chi xét truong hop c6 mot tham so.
Khi ay, ba dang sau day duoc quan tam déc biét.

Bai todn I - Kiém dinh hai phia.

HO: 9:90 /Hl: 9-7590
Bai todn II - Kiém dinh mét phia (phia phai).
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Hy:06=06,/H;: 0>0,
Bai todn III - Kiém dinh mét phia (phia trdi).
Hy:0=0,/H,;:06<86,.

Céc kiém dinh n6i dén sau day déu 1a manh nhat, manh déu nhat, t6i uvu hay
Xép xi nhu vay va da duoc ching minh chat ché vé mit toan hoc. Tuy nhién céc
chtrng minh kha phuc tap, doc gia c6 thé tham khao & [2], [9], [11], ching ta chi
dan ra va xir Iy so bo dé minh hoa ¥ twéng chinh.
BAI TAP: Uoc luong diém (1 tiét)

b) Thao luin

c) Tu hoc

d) Bai tip chuin
bi toi thi€u

Tai liéu Tai liéu [1], tr....
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Chuong, muc: 4
Tiét thu: 41-44 Tuan thu: 11
Muc dich, yéu cau:
e Nim duoc bang tom tit dé 1am dugc mot sb bai tap thuc té
- Hinh thire t6 chire day hoc:
Hinh thirc chu yéu: Ly thuyét, thdo luén - ty hoc, tu nghién ctru
- Thoi gian:
Ly thuyét, thao luén: 4t - Tu hoc, tu nghién cuu: 4t
- Dia diém:
Giang duong do P2 phan cong.
- Nogi dung chinh:
§4.5. Céc kiém dinh dung mot mau
Bai tap vé udc luong khoang

§4.5. CAC KIEM PINH DUNG MOQT MAU (2 tiét)

4.5.1. Kiém dinh gia thuyét vé gia tri trung binh
Gid sir ¢6 mau (X;,...,X,) tir phan bd chuan N(u; (52) .

a) Phuong sai o? da biét. Cac bai toan néu trén trd thanh:

BaitoanI. Ho:p=po/ Hy: p#pg
Bai toan 1II. Ho:p=po/Hy:p>pyg
Bai toan III . Ho:p=py/ Hy: p<py.
Théng ké kiém dinh dugc chon 1a
z=2"Mo
c

Dbi voi Bai toan I, néu H, la ding thi X sé khong quéa xa p. Vi thé, ta nén
chon kiém dinh sao cho bac bod H, néu ‘Z‘ > ¢ . Pé xac dinh hang sd ¢ ta thay
néu H, dung thi Z ~ N(0; 1) ; quy tic c6 mirc o, vay chon c tir diéu kién

a=P(|Z| >c)=2P(Z>c) hay P(Z>c)=0/2 < c=z2y,.

Nhu vay, véi bai toan I, ta chon quyét dinh bac bé H,, néu

X—
\z\:@«/ﬁna/z (4.5.1)

trong d6 z, 1a phan vi chuin mirc o .

Thuc ra c6 thé chiig minh chét ché rr?mg, ddi véi Bai toan I, kiém dinh vira
xay dyung 12 manh déu nhat mic o (xem [2], tr. 192).

Tuong ty, vo1 hai bai todn con lai, ta s€ bac bo H,, khi va chi khi

.. X -
V61 Bai toan 1II: Z= Ho Jn > Zy; (4.5.2)
c
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Véi Bai toan I1I: Z=2TM0 fr ey = (453)
c
Bang 4.3. Tom tat kiém dinh: Mau (X4, Xp), muc y nghia o

Tham sé can L s .
Bac bo Hy khi
KD Tir °
Gid Déi phan
thuy e bo o> da biét o? chwa biét
) thuyet
et
X—Ho X—Ho
TETh ‘2‘27‘ S ‘\/E>Za/2 \T\:i‘ 3 ‘\/ﬁ”a/z(n*")
Ky :
von Chuan _ X—u
’ X— T=*O\/H>t n_1
g | weno | N(wo?)| z=2"H0nsz, S (Y
HL="Ug °
X-ng X—pg
Z=——\n<-z, | T=— n<-t, (n-1
H<Hg c v * S v ol
f-p
e | 2-—Plms
Xac Khon Po(1-Pg)
suat g- f—pg
> . Z=—"0 /n>z
P=Po P>Po mot \VPo(1-pPo) *
B(1;p) f-p
_ 0 /n __
p<Dp, Z=——-—-An<z_,=-2
0 \VPo(1-Po) o
n—1)3
2 =100 02 a(n-)
o2 % o0
Phu 2 (-1 5
= X(x/Z(n )
ong N(;0?) S5
sal ’ -
2 2 _
G =0 02>G% X2:(n l)S >X§(n_1)
0
(n-Nn&
o? < 63 1P = <1 (n=1)
90

Chii y. Khin 16n (n>30), khong can phan bd chuan va t, (n) =z, .

Vi du 4.15. Talay lai Vidu 4.14 & d6 c6 tap gdm 6 sé liéu dién thé véi
X =220,38; §2 =1,4056. Ta mudn kiém dinh gia thuyét véi mire ¥ nghia 0,05
rang dién thé trung binh 1a 220V khi

a) Biét phuong sai cua cac sai so do la 1;

b) Chua biét phuong sai.

Gidi. Hy : =220/ Hy: p# 220; a=0,05.

2 |7 |220,3§ —220| J6-0.93.

Zo2 = 20,005 =1,960;

Z‘ <z, Khong bac bé Hy, coi dién thé trung binh
khong khac 220V mot cach ¢6 y nghia.
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b) |T|—‘220 38220 50,785,

1,1856
to2(m=1) =1t( 0ps5(5) =2.571; o/2(m—1): Ta khong bac bé H, coi
dién thé trung binh bang 220V. #

Bang 4.3. Tém tdt kiém dinh: Mdu (Xy,....X,,), murc y nghia o

Vidu 4.16. Qua trinh san xuit mot loai vong bi dugc coi la binh thuong néu
khéi lwong ciia vong bi c6 phan bd chuan véi trung binh 5 va do 1éch chuan 0,1
(ounce). Sau khi cé cai tién san xuat, giam dbc ky thuat nghi ngo réng khéi lugng
trung binh cua vong bi da tang lén (phuong sai khong 601) mic dau van ¢ phan
bd chuan. Mot mau ngau nhién 15 chiéc dugc 1y ra kiém tra thi thiy khoi lugng
trung binh 13 5,04. Danh gia xem khdi lugng trung binh d3 ting 1én déng ké hay
chua véi muce y nghia 0,05 va 0,10.

Gidi. Xétbaitoan Hy:p=5/ H;: p>5.Tacod

;o X — o Jre 5,040—15,0()@:1’549.
9 s

Tra bang, z,, =z s =1,645. Gié tri ctia thong ké Z chua vuot ngudng

(Z <z s5) nén ta khdng bac bo Hy : Coi khéi lwong chua tang 1én dang ké.
Vé6i 0=0,10 thi z, =z, =1,280. Gié tri ctia théng ké Z da vuot ngudng
(Z>2z4)0) nén bac bo Hy, : Duong nhu da co tryc trdc trong qua trinh séan Xuét,

coi khéi lwong trung binh da ting 1én.  #

4.5.4. Phuong phap P-gia tri

Céc Vi du d6 cho ta thay nhugc diém ctia phwong phap quyét dinh di néu,
goi 14 phwong phép cb dién. Cac phuong phap quyét dinh théng ké ngay nay déu
dung P-gia tri (P-value).

Dinh nghia. Mirc y nghia nho nhat tai d6 gia thuyét H,, bi bac bo dugc goi la
P-gia tri két hop voi mau quan sat duoc.

X - 5
Tinh P-gid tri. Theo Vi du 4.16 ta dd tinh ra dugc 20 /n =1,549. Déi
(@)

thuyét 1a H;:u>po=5. Nhu vay, gia thuyét bj bac bo & mirc o khi va chi khi
2y <1,549 =7 y07 - Suy ra P-gia tri (m6t phia) (one-sised P-value) la 0,0607.

Néu ta xét kiém dinh hai phia (d6i thuyét H, : p# py = 5), gia thuyét bi bac
bo ¢ mirc o khi va chi khi z,, <1,549 =7, 114/, - Vay P-gia tri (hai phia) (two-
sised P-value) la 0,1214. 9 , q

Tong quat, gia su ta dung kiém dinh Z, tirc la thong ké ki€ém dinh Z 1a BNN
c6 phan bo chuan tac N(0;1), va gia su gia tri cu thé cua Z 1a z. Khi d6 P-gia tri
hai phia s€ 1a gia tr1 P ma |z| =z, hay

P =2(1-(|z))) =1-2D,(|2)) (4.5.13)

trong do @((x) 1a ham Laplace.

Dbi voi kiém dinh mot phia, chang han phia phai p > Lo va z>0, P-gid tri
mot phia twong Ung s€ 1a gid tri P ma z =z hay
72



P=1-®(2)=1/2-Dy(z). (4.5.14)
(Néu z < 0, gia thuyét hién nhién bi bac bo, P-gia tri bang 0).
Nhu Vay, P-gia tri hai phia gap d6i P-gia tri mot phia.
~ Danh gia két qua. Nha thong ké tinh ra P-gia tri, dé doc gia tu danh gia lay
két qua. Huong dan cta nha thong ké nhu sau. Gia sir mirc ¥ nghia o da chon.
Néu P<a: Bicbdé Hy mot caich manh mé;
P<a : Bacbo Hy;
a<P : Chuaco cosdbicbod Hy;
a <P : Chipnhan H, khd chic chin.
Chéng han, néu khong c6 gi dac biét thi hay chon o =0,05 va

Néu 0,05<P : Khong dii co s& dé bac bo Hy ;
0,01<P <0,05: Du co sé dé bac bo Hy;
P<0,01 : C6 co sO manh, hung hon dé bac bo H,.

Y tuéng chu dao la: P- gia tri cang nho thi cang bac bo gia thuyét manh, P-
gia tri cang 16n thi cang chap nhan gia thuyét manh.
T4t ca cac phan mém thong ké ngay nay déu dua ra P-gia tri cho mdi bai

toan kiém dinh.

4.5.5. Cac khia canh khac (3Y)

a) Méi quan hé giita kiém dinh gid thuyét va wéc luong khodng
b) Xéc dinh xdc sudt mdc sai lam logi II

BAI TAP: Khoang tin cy (2 tiét)

b) Thao luin

c) Tu hoc

d) Bai tap chuin
bi t6i thi¢u

Tai liéu Tai ligu [1], tr....
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Chuong, muc: 4
Tiét thu: 45-48 Tuén tha: 12
Muc dich, yéu cau:
e Nim duogc bang tom tat dé 1am duge mot sb bai toan thuc té
e Nim duogc vai dang ap dung cua tiéu chuan kiém dinh Khi binh phuong
- Hinh thire t6 chire day hoc:
Hinh thirc chu yéu: Ly thuyét, thdo luén - ty hoc, tu nghién ctru
- Thoi gian:
Ly thuyét, thdo luan: 4t - Ty hoc, tu nghién ctru: 4t
- Dia diém:
Giang duong do P2 phan cong.
- Ngi dung chinh: N
§4.6. Cac kiém dinh dung hai mau
§4.7. Kiém dinh phi tham s6
Bai tap vé kiém dinh gia thuyét

§ 4.6. CAC KIEM PINH DUNG 2 MAU (bai toan so sanh) (1 tiét)
Gia sur tir tong thé thir nhat véi BNN gbe X ~ N(ul;cslz ) ta rit ra mau
(Xl,...,an) va tir tong thé thi hai véi BNN gbc Y ~ N(MZ;G%) ta rit ra mau
(Y1, Y0, )5 hon nira hai mau nay dugc rut ra mot cach doc 1ap voi nhau. Nhu
trudc day, ta ky hi¢u i, ?, §§<, é%{ 12 ky vong mau va phuong sai mau hiéu
chinh Umg véi hai mau nay.
4.6.1. So sanh hai gia tri trung binh
Xét bai toan kiém dinh
H03H1—P{2:D,0 /[ Hyip—pp # Dy
trong d6 D, 1a mot hang s6 nao d6. Chung ta s€ trinh bay truong hop dac biét
khi Dy =0,do1a
Howp=pp / Hy iy # 1y

a) Truong hop 012 va G% da bieét.

_ 2\ _ 2 S ,
Vi X~N(u1;6—l} Y~N(u2;2} chung doc 1ap nén X —Y c6 phan bo
n Ny
2 2
N ul—uz;c—1+2 . Chuan hoa ta dugc
n; 1y

2 2
(XY - -py) |/ PLL%2 Ny ). @6.0)
n; N
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2 2
Néu gia thuyét ding thi Z= (X Y)/ or,9% _ N(0; 1).
o 0y
Nhu trude ddy, gia thuyét bi bac bo & mirc ¥ nghia o néu
XY
2 2
oi , o)

|Z| = >Zy /- (4.6.2)
o 1Ny
Vi du 4.20. Hai nhém san xut phai xac dinh nito trong mu cho trude theo

phuong phéap vi phan tich (xinkhonin) da tim dugc cac gia tri sau (% N):

Nhom I: 9,29; 9,38; 9,35; 9,43 —>X=9,363; sx =0,0582

Nhom II: 9,53; 9,48; 9,61; 9,68 ->y=9,575;5y =0,0881.

Kiém tra xem c6 sy khac bié:[ gitra 2 gia ‘Erj trung binh h;ty khong.

Giai. Gia st cac mau dugc lay tir phan bo chuan. Ta thay n; =n, =4 <30.
Dung tiéu chuan F dé so sanh hai phuong sai thay khong c6 su khac biét 16n vé
mit théng ké gitta o7 vii 3. Ta tién hanh kiém dinh gia thuyét p, = p, voi dbi

thuydt 1 # 1, . Vi (n —1)§§< =0,010275; (n, —1)Sy =0,0233 nén

=4,01.

T —
‘ ‘ 0,010275+0, 0233(1 lj
44+4-2 4 4
tap(ng+ny —2)=
Gia thuyét p, = p, bi bac bé. Ta két luan co su sai khac vé gia tri trung binh
ctia hai nhom 1am thi nghiém; it nhat mot trong hai nhom da mac sai s6 hé thong.
#

>ty n(n;+ny—2).

Truong hop nay can dit tiép bai toan khac, vi du nhu sau.
Tém tat so sanh ky vong va phuong sai cho ¢ Bang 4.4, trong do:
(X, X)) 10 X vii E[X]=p,, V[X]=c7;

(Y)...Yp,) 8 Y vii E[Y]=u,, V[Y]=03;

~2 ~2
gz _ (1’11 —I)SX +(n2 —1)SY . ? _ nlfl +1’12f2 _ ml +m2
n1+1’12—2 ’ n1+n2 n1+1’12 |

Vidu 4.21. Ham lucrng N trong hcrp chét & Vi du 4.19 theo 1y thuyét 1a
o =9,51(%N) . Hay kiém tra xem sai sb hé thong gay ra do nhom I, nhom II

hay ca hai nhém.
Vi du nay ta da biét cach glal (xem phan 4.5.1b). (Tra 101: Do nhém I).
Néu khong biét W, phai tién hanh loat thi nghiém tiép theo réi méi co thé

dua ra 101 giai. #
d) Phuong phap so sanh tung cap. ‘

Gid str (X,Y) 1a VINN, hai thanh phan X va Y n6i chung khong ddc 1ap,
E[X]=p; E[Y]=u,. Ta mudn so sanh p; vii p,.

Mubdn viy, ta 1y mot mau X1, Y, (X, Y,) vé (X,Y). Ta khong thé ap
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dung két qua & phan trén dugc vi mic dau (Xp5enXp,) 12 mau vé X, (Y150 Yy, )
12 mau vé Y, song ndi chung khong doc lap. N
Tuy nhién X; -Y,...., X, =Y, laila cic BNN doc 14p, chiing 1ap thanh mau
ngau nhién tir BNN gbc Z=X-Y véi ElZ]l=w =My y#Py Sy —Hy 20, ta
quay vé bai toan kiém dinh mau tir 1 BNN :
Ho:p—pp =0/ Hyzpy—py 0.
Bang 4.4. Tom tat so sanh ky vong va so sanh phwong sai

Tham s6 can -y . - .
XD 7 Bac bo Hy murc y nghia o khi
w
Gia A. hdn ~ 1A AL
thuyé péi | P be o2, o5 da biet 0% =05 chua biét,
b thuyet (*) mdu nho
= >Zy/2 > a0y +np =
Hy # Mo of o3 5 [L+fj
n1 n2 ny ny
= X_V 7—?
M1 =U2 A Z= >z, — >t (n+n,-2)
wy >y | Chuan E 5 [L+LJ
n1 n2 o n,
Z= XY <7Zy XY <~tg(ng+n;-2)
Hy <m2 of o3 g (L+L
n1 n2 np 0y
f—f
By %P 12 = i 12| ] > Zq)2
12 \/?(1—?)[+]
ng n,
f, —f,
P1=P2 Khoén Z= >z,
P1> P2 g- T(1-7) i+i
mot M M
’ f, - f
Z= 12 <Zi_y =2,
P1<P2 \/?(1 _?)(1+1]
ny N
u, u,da biet w;, 1, chua biét
2 &
F=§<f1,a,2(n1; ) | | F=a <figa(m—Tny—1)
2, 2 v
G1 #Op 3;(2 é2
F=§>fu/2(”1i”2) F=%>fq,2(n1—1; n, —1)
01 =02 A Y
Chuan
6% > o5 S &
F:§>fa(”1i”2) F:é—2>fa(n1—1;n2—1)
Y

(*)o2,62 chua biét, miu 16n: Khong can phan bd chuén, thay o?(c?) boi S2(S2).
Vidu4.22. Pé khao sat tdc dung cta viéc bon thém mdt loai phén moi A,
nguoi ta chia moi thira rudng thi nghiém ra lam hai manh: Manh doi ching
(khong bon phan A), manh kia bon thém a don vi phan A. Sau khi ghi lai cac gia
tang ning suat A, & 15 thira, nguoi ta tinh dugc do gia ting trung binh A=6,10
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va do léch chuan 7,51. V&i muc ¥ nghia 5%, hay nhan dinh xem viéc bon thém
phan A ¢6 tac dung hay khong? Néu c6, tim khoang tin ciy cho muc ting trudng.
Giai. Ta can klem dinh gia thuyét
Hy:up —py =0/ Hyipp —py >0.

6,10

T= IJE =3,145. Boi vi 3,145> 1,761 =t 15(15—1) nén béc bo gia

thuyét: Viéc bon thém phan A c6 tac dung ning cao ning suit.
Tiép theo, mudn biét viéc bon thém phan cé nang cao ning suat “dang ké”
hay khong, ta can tim khoang tin cay - vi du 90% - cho su gia ting nay.
B=0,9=(1-PB)/2=0,05; tyos(15-1)=1,761;

7,51

= \/E 5

Vi du 4.23. Hai day chuyén san sut nhimg chi tiét bang nhya theo nguyén ly
dtc - phun. Céc san pham dugc coi la hong néu co ngdt qua mirc hodc bi chuyen
mau. Nguoi ta ldy ra tir mdi day chuyén 300 san pham thi thdy s6 san pham hong
lan luot 13 15 va 8. Kiém tra xem hai diy chuyén ndy c6 thé xem 1a hoat dong
nhu nhau hay khong véi mtrc y nghia 5%; tinh P - gid tri.

Gidi. Goi ty 1& cac san pham hong tir hai diy chuyén 1an luot 13 P, py- Ta

=3,41. Nhan dugc khoang tin cdy 6,10 +£3,41.#

xét bai toan kiém dinh Hy : p; =p, /H; :p; #p, -

Tan sudt mau chung la f = My ¥y _ 15+8 = 23 . Théng ké kiém
n;+n, 300+300 600
dinh |Z|=|f; —f2|/\/?(1—?)[i+iJ =1,488.
o Ny

Trabang ta co z,, =27 g5 =1,960 . Vi |Z| <z, nén ta khong bac bo gia

thuyét, coi hai day chuyén hoat dong nhu nhau.
Do 1,488 = 20,06837 = ZO,1367/2 nén P - glé trl (2 phia) la 0,1367

Vidu4.24. Pé so sanh hai phuong phap do khi xac dinh natri bang phuong
phéap quang pho, nguoi ta thu dugce (theo % tuong doi):
Phuong phap I:  s; =4,3(%) vé1 11 bac tu do;
Phuong phép II: s, =2,4(%) véi 11 bac tu do.
Phuong phép thir II ¢6 sai s6 ngau nhién bé hon hay khong?
Giai. Goi phuong sai ciia phép do thu i la ciz , xét bai toan kiém dinh
Hy: 01 —02 / Hy: o >G%
O day cac ky vong khong biét, n,—1=n,—1=11, F=4,3%/2,4> =3,21.
Chung ta chon a =0,05.
Tur bang ta khong tra duoc fj (s(11,11), song lai tra duge f; 5(11,10) = 2,85;
f0.05(11,12) =2,79. Dung xp xi tuyén tinh thi
f0,0s(1L,11) =(2,85+2,79)/2=12,82. Vi 3,21 > 2,82 nén bac bo Hy: Coi
phuong phap II c6 do chinh xac cao hon. #
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§4.7. KIEM PINH PHI THAM SO (2 tiét)

4.7.1. Kiém dinh gia thuyét vé luat phan b6
a) Kiém dinh XZ
Tir t6 chirc d6, hodic mot 1y do ndo d6 c6 co s dé’cho rang ham phan b cla
X co6 dang F(x)=F(x,0) voi 6=(6,...,0,) 1a tham so véc to r thanh phan, ta dat
bai toan kiém dinh ,
H, : Ham phén b6 ciia BNN X 1a F(x),
H,; : Ham phéan bb ctia BNN X khong phai 1a F(x).
Gia str 3 c6 mot mau ngau nhién (X,...,X,) vé X. Néu X 1a BNN roi rac
Vi tap gié tri {X,,....x; }, tr mAu ta tinh duoc tan sb cia cac gia tri nay 1a
n,...,n, . Khi gia thuyét H, 1a ding thi c6 thé tinh dugc cic xac sut
, =P{X=x;}=p;(0;,...0,), 1=1,....k.
Néu X 1a BNN lién tuc v61 ham mat d¢ f(x,0) =£(x,0,,...,6,), ta hdy chia
tép gia tri cua X lam k khoang ro1 nhau (ag;a;]; (ag; as]; .. '(ak l;ak] Goi n; 1a

sO 1an cac trj s6 X roti vao khoang (a;_j; a;], con goi la tan sudt mau. RO rang

i-1>

n;+..+n =n. Ta nhan dugc bang phan bd ghép 16p sau day

X (agsaq] (ar;a,] | (agpsag]

n; n n, Coe Ny

Khi gia thuyét 1a ding, ta tinh dugc cac xac suit
p; =Pla; ; <X <a;} =p;i(6;,...,0;), 1=1..
Trong ca hai truong hop gian doan va lién tuc ta deu tmh duoc
2 _ i(ni —np;)’*
i=1 np;

Chung minh duoc rang, v6i mot sb didu kién c6 thé thoa man trong nhimg
tinh hudng thong thuong (xem [2], tr 239), khong phu thudc vao dang phan bo
cua X, khi n »> o, XZ nhu trén c6 phan bd x4p xi phan b khi binh phuong véi
k—r—lbéctu:do.’ ) ’ 7 ’ ?

Laru y: 1) r 1a 6 tham s6; vi du, v6i phan bo chuén thi r =2, phén b6 chuan
khi phuong sai (hay ky vong) da biét thi r =1, phan b6 Poisson thi r=1... Khi
F(x) 1a ham phan b6 cu thé nao d6 thi xem nhu khong c6 tham s6, hay s6 tham s6
r =0, dua ra bdi Pearson.

ii) Khi tinh p; ta phai ding UL cta cac tham s6 0;,..., 0,. Ching c6 thé
duge UL theo phuong phap hop 1y cuc dai.

iii) Cac khoang chia duoc chon sao cho cac tan sd n; khong qua bé - trir
khoang d4u va khoang cudi - thuong thi n, > 5, tot ra thi n, >10. S6 cac khoang
cling khong qua bé (k > 5).

Tir d6, voi muc § nghia o, gia thuyét bi bac bo néu

n 2
2=Zw>x§(k—r—1). (4.7.1)
i=1

pj
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Thu tuc kiém dinh trén duoc goi la kiém dinh khi binh phuong.

Cong thuc (4.7.1) dugc hiéu chinh tdt hon néu ta thay n; bdi n; —0,5. Hiéu
chinh nay c6 tac dung khi bac ty do 14 nho; dic biét, khi bac tu do bang 1 thi bat
budc phai dung hi€u chinh nay.

Vi du 4.25. S6 1an hong héc cua mot qua trinh san xuét tng véi 8 kip 1am
viéc dugc ghi lai thanh bang

Kip 1 2 3 ;t 5 6 7 5
S6 1an hong 16 18 19 16 24 19 17
0 s 144

S 1an hong xay ra & cac kip c6 thé coi 1a nhu nhau hay khong?

Giai. Dat p; =n; /n laty 1¢ héng hoc do kip 1 gay ra, 1=1,...,8. Goi X 1a chi
s6 cta kip xay ra hong hoc, X c6 bang xac suat
X 1 2 3 . . .8

P P P2 P3- - - D3
Ta phai kiém tra gia thuyét X c6 phan bo déu trén tap {1;...;8},

(& p=py=..=pg=1/8) voi dbi thuyét X khong co phan b déu.

O day r=0. B&i vi p; =1/8 ta tinh dugc

2
N e Zgl(ni ~18)*/18=3,111.
iz P =1

Mat khac, 5 (k —1) =%5,05(8—1)=14,07. Vay x* <35 (k—1). (P-gia tri
trong truong hop nay la 0,875, vuot xa ngudng 0,05), ta khong bac bé H: Coi
s6 1an hong hoc & cac kip 1a nhu nhau.  #

Vi du 4.26. Trong mot cudc tong diéu tra dan sd, ngudi ta biét ty 1& phan bd
dan cu theo dan toc & mdt vung nlii nhu sau

Dan Kinh Tay Thai | Muong | Khac | Cong
toc

Tyle | 21 15 30 17 17 100
(%)

Sau 5 nam, diéu tra ngau nhién 600 nguoi ¢ ving dé thu dugc

Dan Kinh Tay Thai | Muong | Khac | Cong
tdc

1 140 100 140 100 120 600

Xét xem co cau dan cu ¢ do da c6 thay doi dang ké hay chua?
~ Taphai kiém tra xem co cdu dan cu co con tuan theo bang phan bd (xac
suat) da cho ¢ trén hay khong. Nhu vay r=0. Ta co
> (140-600.0,21) ., (20— 600.0,17)>

. =14.67
600.0,21 600.0,17

12> te(k=1)=7505(5-1)=9,488.
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Tir d6 ta bac bo gia thuyét, coi co cau dan cu da thay doi.

Vi du 4.27. S6 san pham tao ra duoc tir 200 chu ky san suat dugc ghi lai
thanh bang

34 SP 10-13 13-16 16-19 19-22 22-25 25-28
28-31 31-34 34-37

4 1an 12 20 23 40 32 21
22 20 10

Véi mirc ¥ nghia o = 0,05 c6 thé coi ning suat trong mot chu ky tuén theo
luat chuan dugc khong? (Xem [1])

b) Chon khodng dé tan sé Iy thuyét déu nhau.

Vi du 4.28. Dé kiémvtra xem dién ap dau vao X ctia mot loai may tinh xach
tay 6 tuan theo luat chuan hay khong, nguoi ta thir nghiém 100 lan do va thu
duogc dién ap trung binh X = 5,04V vi do 1éch chuan s =0,08V.

Gia su mudn chia tap gia tri cua X thanh k =8 khoang voi xac suat déu nhau
trén moi khoang. Trudc hét tan s6 ly thuyéet ing Vol rpéi ,khoflng sé la
ny =n.p; =100/8=12,5. St dung ham phan bd chuén tac dé tinh duogc cac
khoang gié tri cho BNN chuén tic 1a [0; 0,320), [0,320; 0,675),
[0,675;1,150); [1,150; + o) va cac khoang ddi xtng v6i chung qua gbc toa do.
Tir d6 suy ra cach chia tap gia tri ciia X (tir diéu kién x ; *_z (; 2’54 nam trén
cac khoang nay). Tinh toan tan s6 quan sat ngudi ta ghi két qua vao Bang 4.6.
Gia tri cua thong ké kiém dinh la

1

2 2 2 2
=——(12-12,5)" +(14-12,5)" +...+ (14 -12,5)" | =8.
=15l Y+ ( Y et 7]

Lai co Xﬁ (k-2-1)= X0’052 (5)=11,07. Vi Xz < xé nén khong bac bo gia

thuyét, coi X c6 phan bd chuan. ,
Bang 4.6. So liéu dién ap

Lop Tan s6 quan sat | Tan so Iy thuyét
X < 4,948 12 12,5
4,948 <x < 4,986 14 12,5
4,986<x<5,014 12 12,5
5,014 <x <5,040 14 12,5
5,040 < x < 5,066 12 12,5
5,066 < x < 5,094 11 12,5
5,094 <x < 5,132 12 12,5
5,132 <x 13 12,5
Tong 100 100

¢) Tiéu chudn Kolmogorov-Smirnoff

4.7.2. Kiém dinh vé tinh ddc lap cia hai bién ngiu nhién
Gia sir ta ¢6 mau ngau nhién (X, Y),...,(X,,Y,) tt VINN gbc (X, Y). Dua

vao mau ngau nhién ndy ta mudn kiém tra xem hai thanh phan X, Y c6 doc lap
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v6i nhau hay khong. , ‘

a) T ruong hop lién tuc. Néu (X, Y) lién tuc, ta chia tap gia tri ciia thanh phﬁn thir
nhat thanh r khodng ro1 nhau(ag;a;]; (aj; ay]; ...;(a,_j;a,], cia thanh phan thu
hai thanh s khoang ro1 nhau (by;b;]; (by; by J...;(bg_13bs]. Goi nj; la s0 quan sat
tir mau ma thanh phan thtr nhat roi vao khoang tht i: (a;_;;a;], thanh phan tha
hai roi vao khoang tht j: (bj_l; bj], i=1,.,r;j=1,.,s. Két qua dugc sép xép

thanh bang sau, goi 1a bang phan b ghép 16p

Y

X (bo;b1] (bl;bz] - (bs_l;bs] )y
(ag;ay] ng; np o ... Dy m,
(aj; ay] Ny nyp .. . Dy m,
(ar—l;ar] N, N . . . D m,

> nl n2 . . . ns n

Nhu vay, so0 gia tri quan sat dugc la k =rs cac gia tri n;;.

Dt p; =P(X e(a;;; a;]), q; =P(Y € (b;;; b;]). Gid thuyét vé tinh dc lap

cia X va Y xem nhu twong dwong voi p;; =p;q;, Vi, j. Vay chi can ULt +s

r S
tham s nay 1a du. Tuy nhién, lai c6 hai hé thirc rang budc 1a Zpi = Zq i=L
i=1 j=1
nén sb tam s6 can UL chi con r+s—2. Cac UL cua x4c suit bién tvong Gng 1a
p;i=m;/n; qj=n;/n.
Theo (4.7.1), thong ké kiém dinh duogc chon 1a

2
. N . n;
. :Z(nij_n&_Jj /(n&_Jj hay

2 2
xz = nZ[nij - jJ /(m;n;) = nLZ 5 1]. (4.7.6)
I,] j

i, ml nJ
Néu gia thuyét 1a dung thi v6i n 16n, > ¢6 phan bd x4p xi phan b khi binh
phuong voi rs—(r+s—2)—1=(r—1)(s—1) bac tu do. Tuong tu cac muc trén, gia
thuyét bi bac bo néu
x> e (r=1(s-1)). (4.7.7)

Lueu y. Néu thay n;; <5 thi ta ghep cac khoang gan nhau lai dé n; 25 Vi, j.

min

n

b) Truong hop roi rac

Néu (X,Y) 1a VINN roi rac thi khi thay cac khoang béi cac gia tri ma timg
thanh phan c6 thé nhan, ta van nhan dugc bang nhu trén, goi 14 bang phan bé tan
s6. Phan con lai cta kiém dinh duoc tién hanh tuong tu.

Truong hop mot hodc ca hai thanh phan X, Y c¢6 thé nhan qua nhiéu gi4 tri,
ta xem nhu d6 1a (cac) BNN lién tuc va nén ghép nhiing gia tri gin nhau thanh
mot 16p, ta lai trd vé trudng hop lién tyc.
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¢) Kiém dinh vé tinh djc ldp giita hai ddu hiéu dinh tinh

Phuong phap trén cting ap dung rat thanh cong dé kiém tra sy doc 14p cua hai
dau hiéu dinh tinh. Gia sir mdi c4 thé trong tong thé mang 2 dau hiéu A va B, ta
can nghién ctru hai diu hiéu A va B nay. Lai gia sir c6 thé chia dau hiéu A, B

twong Ung thanh r va s dau hiéu thanh phan: A ={A,,..,A}; B={B,,...,B}.
Néu c6 co sd dé dua ra gia thuyét cac dau hiéu A va B doc 1ap, ta xét bai toan
kiém dinh
Hy: AvaBdoclap/ H;: A vaB phu thudc.
Pé kiém dinh, ta 1ap mau kich thudc n va trinh bay két qua thanh bang véi
n; la tan sb ung v6i ddu hidu A, B i dong thoi:

B
A Ny Ny ... Ny m,
A2 1’121 1’122 . .o nzs m2
Ar Ny Ny, oo 1’lrs m,

D¢ giai bai toan nay ta xét bién X va Y nhu sau. Néu ca thé trong tong thé
mang dau hiéu A; thi ta dit X =1, néu mang dau hi¢éu B i thitadat Y =j. Véc

to (X,Y) bién dbi gid tri tir c4 thé no sang céc thé kia, xem nhu 14 VINN xéc
dinh trong tong thé. Ta quay vé trudong hop VTNN r0i rac.

Vidy 4.29. Ban giam dbc mot ngan hang mudn kiém tra xem gia tri cua cac
quyén so giri tién tiét kiém co doc lap voi khu vyc dat cac chi nhanh phat hanh )
hay khong. Mdt cudc khao sat dugc tién hanh trén 900 cudn sd. S6 duoc coi 1a
nho néu c6 s6 du khong qua 10; s6 dugce coi 1a thong thudng néu sé du tir 10 dén
100; s duoc coi la quan trong néu sd du trén 100 (don vi: triéu VND). Sau day
13 bang két qua.

Loai
5O Nho Thuong | Q. trong Tong
bia chi
Ha Noi 27 189 54 270
TP H.C. M. 33 124 23 180
Cac noi khac 103 309 38 450
Tong 163 622 115 900

Ta can kiém tra gia thuyét so du cta cac cudn so la doc 1ap vdi cac noi gui
cac cudn so do. Tu bang ta tinh dugc

2 2 2
n..
xz—n[z ! 1}—900[ LR | M-

=33,388.

~n;m, 163270 7 115.450

Vi %% >9,49 = x5 5((3—1)(3—1)) nén ta bac bo gia thuyét; xem ring co su
phu thudc gitra dia chi dat cac chi nhanh voi1 gia tri cac cudn s6 tiét kiém.

BAI TAP: Kiém dinh dung mdt miu (1 tiét)
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b) Thao luian

c) Tu hoc

d) Bai tip chuin
bi toi thi€u

Tai liéu

Tai liéu [1], tr....

&3




Chuong, muyc: 4
Tiét tht: 49-52 Tuan thi: 13
Muc dich, yéu cau:
e Nam Cach sir dung hé sé twong quan trong k¥ thuat
- Hinh thire t6 chire day hoc:
Hinh thirc chu yéu: Ly thuyét, thdo luén - ty hoc, tu nghién ctru
- Thoi gian:
Ly thuyét, thao luén: 4t - Tu hoc, tu nghién cuu: 4t
- Dia diém:
Giang duong do P2 phan cong.
- Nogi dung chinh:
Hé sd twong quan
Bai tap vé kiém dinh gia thuyét
HE SO TUON G QUAN MAU

e) Hé s6 twong quan madu
He¢ s6 tuong quan mau clia mau ngiu nhién (X;,Y)), ..., (X,,Y,) tr

VTNN géc (X,Y), ky hiéu rxy > cho boi cong thic

D (X -X)(Y; -Y)
Iy =——— : (5.1)

n
\/Z(Xi -X)’ \/Z(Yi -Y)?
i=1 i=l1
Gid trj cu thé ctia n6 tng véi mau cu the (X4, Y;),...,(X,,y,) cho boi
Z(X —X)(y; -
Ty = . (5.2)

Xy
\/Zm -x%)? \/Zm -3)?
i=1

i=1

Hé sb twong quan mAu ryy thé hién méi quan hé tuyén tinh giita X va Y.
D6 1a mot UL (x4p xi) cho hé sb twong quan Pxy -

Rét tiéc, ryy lai khong phai 1a mot UL t6t clia pyy : N6 1a UL chéch!
Thanh thw, (5.1), (5.2) chi dugc dung lam UL khi n 16n, chiang han n >100.

bé c6 UL tot hon, nguoi ta xét mot ham cua ryy , do la:

Z :lln—1+rXY .
2 l-rgy
Véi n du 16n, chang han n > 50, chimg minh dugc Z xap xi phan bd chuan
N|Lplfexy , Pxy 1 | (5.3)
2 l-pyxy 2(n-1) n-3
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Tir d6 tim ra dugc khoang tin c@y xap xi cho Z; dung ham ngugc tinh
nguoc lai, thu duge khodng tin cdy xap xi cho pxy .
q Xap xi (5.3) ciing dung dé kiém dinh vé hé s6 twong quan. Chang han, xét
kiém dinh 2 phia
Hy:p=po/ p#po,
Gia thuyét bi bac boé ¢ mic o néu
Z-E[Z
£_HZ] =|Z - B[z Vn=3|> 2,5,
\ V[z]

trongdéE[Z]=—1n1+p0+ Po__
2 1-pg 2(n-1)

BAI TAP: Ki¢m dinh ding mot miu (tiép - 1 tiét)
Kiém dinh dung hai mau (2 tiet)

b) Thao luin

c) Tu hoc

d) Bai tap chuin | Bai tip chuén bi cho ci chwong 5

bj toi thiéu Tailigu [1]: 5(1-4 - 5- 6- 8 -9- 12- 14 - 15)
Tai lidu [2]: Tr187-189: 3, 4, 6, 8, 10, 14, 16, 17, 22, 26, 28
Tai liéu Tai liéu [1], tr ...
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Chuong, muc: 5
Tiét tha: 53-56 Tuén tha: 14
Muc dich, yéu cau:
e Nim duoc cach 1ap mo hinh, mét s6 kiém dinh, mot sd cach sir
dung cua MH TT don, boi
- Hinh thire t6 chire day hoc:
Hinh thtrc chu yéu: Ly thuyét, thdo luan - tu hoc, tu nghién ctu
- Thoi gian:
Ly thuyét, thdo luan: 4t - Tu hoc, tu nghién ctru: 4t
- Dia diém:
Giang duong do P2 phan cong.
- Ngi dung chinh:
Chuong 5. M0 hinh hoi quy tuyén tinh
§5.1. M6 hinh héi quy tuyén tinh don
§5.2. Mo hinh héi quy tuyén tinh boi

Chuong 5
MO HINH HOI QUY TUYEN TiNH
§ 5.1. MO HINH HOI QUY TUYEN TINH PON (1 tiét)

5.1.1. Van dé mé hinh hdi quy

Nhiéu bai toan trong khoa hoc k¥ thuat doi hoi khéo sat quan hé giira hai
hodc nhiéu bién. Lfiy lam vi dy, ching ta xét s6 liéu & Bang 5.1, 6 d6 y chi thi do
sach cuia oxy sinh ra trong qua trinh chung cit hoa hoc, con x 1a néng do phan
tram ctia hydrocarbon c6 mat & binh ngung bd phan chung cat.

Bang 5.1. P sach cia oxy iing véi 1y 1é phan tram hydrocarbon

TT  x(%) y(%) | TT x(%) y(%) | TT x(%) y(%)
099 90.01| 8 123 91.77| 15 111 89.85
1.02 89.05| 9 1.55 9942| 16 12 9039
.15 9143 | 10 14 93.65| 17 126 9325
129 93.74| 11  1.19 93.54| 18 132 934l
146 96.73 | 12 115 92.52| 19 143 9498
1.36 94.45| 13 098 90.56| 20 095 87.33
0.87 87.59| 14 101 89.54| 21 132 94.01

~N O kR W~

D¢ tong quat hoa, ching ta nén ding mé hinh xac suat bang cach coi Y 1a BNN
ma tmg voi gia tri x cua bién X thi
Y=f(x)+¢ (5.1.2)
voi & 1a sai 1am ngiu nhién.
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Truoe hét chung ta xét truong hop don gian nhat, ciing rat hay xay ra trong
thuce t&, khi f(x) =ax+b. Khi do (5.1.2) trd thanh
Y=ax+b+eg (5.1.3)

100

85

Hinh 5.1. D6 thi rdi diém, dieong hoi quy cho s liéu dg sach ciia oxy

Mo hinh (5.1.3) dugc goi 1a mé hinh hdi quy (MHHQ) tuyén tinh don; x duoc
goi 14 bién hdi quy (hay bién doc lap, bién giai thich), Y dugc goi 13 bién phan
hdi (hay bién phu thudc, bién duoc giai thich); a, b duoc goi 14 cac tham sb hdi
quy, a: hé s chin, b: hé sb goc; duong thing y =ax+b duoc goi 1a dudng hoi
quy (Iy thuyét).

Mo hinh duoc goi 1a tuyén tinh vi né tuyén tinh véi cac tham s6 a, b (a, b ¢6
Ity thtra 1); duge goi 1a don vi 6 mot bién hdi quy. O bai §5.2 chiing ta s& xét
mo hinh h01 quy boi véi it nhit 2 bién hoi quy. Nguoi ta cling xét m6 hinh hoi
quy phi tuyén, & ¢6 ham hdi quy 13 ham phi tuyen ctia cac tham sb (xem [1], [9]).

Gié sir & quan sat thir i bién X nhan gid tri X; ,bién Y nhan gia tri y; vasai 1Am

ngau nhién 13 ;. Nhu vy, dudi dang quan sat, mo hinh (5.1.3) tr& thanh
y; =a+bx; +g
..... (5.1.4)

Luu ¥ rng y; 1a cac BNN.

5.1.2. Uéc lwong hé sé hdi quy
Bay gi¢ gid sir cac BNN yy,...,y,, nhan c4c gid tri cu thé nao do, van ky hiéu la
Yiseeer ¥y - Khi dO

& =y; —(ax; +b)

(5.1.5)
the hién d6 1¢ch cua quan sat thir i so voi duong hoi quy ly thuyét (xem Hinh
5.2). Tong binh phuong cac do 1éch

ieiz = i(}’i —(a+bx;))’
i1 i1

thé hién “chat luong” cua viéc xap xi s6 liéu boi duong héi quy 1y thuyet Ta
khong thé biét duong hoi quy 1y thuyét, viéc ta ¢6 thé 1am 1a tim cac hé s a, b dé
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n
(a,b) = (y; —(a+bx;))* — min. (5.1.6)
i=1
Vi /(a,b) la da thirc bac 2 cua 2 an a, b; diéu kién can dé no dat cyc tiéu 1a
ot_ot _,
oa 0Ob

1

(5.1.7)

Puong hdi quy
thuc nghiém

0

Puong hdi quy
ly thuyét

»
»

Hinh 5.2. D¢ léch va cac dwong hoi quy 1y thuyét, thire nghiém

Thuc ra chimg minh duoc day ciing 1a diéu kién du. Pay 13 hé 2 phuong trinh
tuyén tinh bac nhat cta a, b. khong kho khan gi ta tinh dugc nghiém cua h¢ nay
la:

f_Xy-X.y
Syx /1 (5.1.8)
4=y-bx

trong do
1 n 1 n _ 1 n n )
== X3 Y= Vi Xy == X¥i; Sxx = 2 (%, =%)".(5.1.9)
0o 0y 0y ‘ i=1
Vi cac UL nay ta duge phuong trinh hoi quy thyc nghiém
y=ax+b. (5.1.10)
5.1.3. Tinh chit ciia wéc lwong ciia cac hé s6 hdi quy
Tir (5.8) ta cO ngay y = a + bx. Nhu vay, dudng hdi quy di qua diém “trung
tam” (X,¥) cia sb liéu.
Gia thiét:
€(,...,&, doc lap, cung phan b chuan N(0; 02) . (5.1.11)
Khi d6 UL hé s0 ¢ nhitng tinh chat thong ké 6t thé hién ¢ dinh 1y sau.
Dinh Iy 5.1. Khi dicu ki¢n (5.1.11) thoa man thi:
i) & va b lan luot 1a UL khong chéch ctia tham s6 a va b:
E[A]=a; E[b]=b (5.1.12)

ii) Phuong sai cuacac UL a va b dugc tinh nhu sau

o2 = V[a]=o? (l+@J

n  Sxx

ol
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2
— V[b]=>— (5.1.13)

Sxx
iii) UL khong chéch cua phuong sai chung o2 ctia mé hinh cho béi

n n
2 1 A N2

=——=> & =——=> (¥~ ) (5.1.14)
1’l_zizl =

voi
§: =4 +bx;: du bdo cua quan sat thi i
e =y;—9¥;: phan du thir i.
Dinh nghia. Péi v6i m6 hinh HQTT don, sai s6 chuan hoa (thuc nghiém)
cua hé s6 goc va h¢ s6 chdn lan lugt dugce xac dinh bdi

A2 =2
se(b) = SG; se(d) = \/62P+X—} (5.1.15)

XX

trong d6, 6% duoc tinh theo (5.1.14).
5.1.4. Kiém dinh gia thuyét
a) Str dung kiém dinh T
Hé s goc 1a tham sé quan trong nhat cia MHHQ tuyén tinh don. Xét bai
toan kiém dinh gia thuyét hai phia:

Béc bo H,, (& mic ¥ nghia o) néu
[b-by|  [b=by|
Ty|=——= >t (n—-2). (5.1.18)

se)  \[6%/Syx 3

Truong hqp déc biét quan trong 1a khi by =0:
: b=0/H;: b=0. (5.1.19)

Diéu nay hen quan dén y nghia (hay tac dung) cua hdi quy (significance of
regression): Néu khong bac bo Hy (coi b=0) thi co nghia ring khong c6 mot
quan hé tuyén tinh nao gitta X va Y (c6 thé 13 quan hé thuc su cia Xvayla
quan h¢ phi tuyén), su thay doi cua bién X khong keo theo sy thay doi du doan
bién Y, X khong c6 (hodc rat it) tdc dung d€ du doan Y; du dodn cho Y t6t nhat

nén dung Y. ’
Tuong tu, gid thuyét lién quan dén hé s6 chan la
Hy: a=ay,/H;: a#a,. (5.1.20)

Gia thuyét bi bac bé ¢ muic o néu

IT|=

>t,(n-2). (5.1.22)

se(a) =2 =
&2 1 + 2
n  Syx

5.1.5. Khodng tin cay )
a) Khoang tin cdy cua cdc tham so
b) Khoang tin cay cho dap vng trung binh
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3 B 21 M
o=t,,(n 2)\/0 Ll"' Syx }’_ (5.1.27)

9o =4+ bx,.
¢) Dy doan quan sat twong lai
o =4 +bx,. (5.1.28)

Vi du 5.1. Thong thuong, ngudi ta van nghi mure tiéu thy nhién liéu khong
phu thudc vao viéc lai xe nhanh hay cham. B¢ kiém tra nguoi ta cho chay thur
mdt chiéc xe con ¢ nhic¢u van toc khac nhau tir 45 dén 70 dam/gio. Keét qua ghi
thanh bang

Van toc 45 50 55 60 65 70 75

Murc tiéu thu

(ml/gal)
Liéu c6 thé thay ddi cach nghi rang muc tiéu thu nhién liéu khong phu thudc
vao van toc xe? Tim cac khoang tin cay 95% cho gia tri trung binh va ctia quan
sat tuong lai cia murc tiéu thy nhién li¢u khi xe & van tdc 50 ml/h .

Giai. Chaing ta xét m6 hinh HQTT don Y =a+bx +¢, trong d6 Y 1a muec ti€u
thu nhién liéu, x 1 vén téc xe. Can phai xét xem hé s6 b c6 bang khong hay
khong. Mudn thé ta xét bai toan kiém dinh:

Hy: b=0/H;: b=0.
Tinh toan cac théng ké lién quan ta duoc
X=60; Sxx =700; y=22,343; Syy =21,757; Sxy =—119
4 =32,543; b=-0.17; SSgp =1.527
Mo hinh thyc nghiém: y=32,54-0,17x.
Tra bang ta thy to.025(5) =2,571. Theo (5.1.26), khoang tin cay 95% cua b

la (-0,170+£2.571 13552 ) = (=0,224;-0,116) . Khoang nay khong chira diém 0,

24,225,0 23,3 22,0 21,5 20,6 19,8

vay ta bac bo gia thuyét b=0 véi muc y nghia 5%; coi b0, tac la muc tiéu
thu nhién liéu phu thudc vao van tdc xe. Ciing c6 thé tinh truc tiép dé bac bo
b=0:

| o
- =8,13>2,571 =1t ,5(5).

- J6% /Sy \/0,305426
700
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251

239

214

1 7 T £ T £ T £ T
40 50 60 70 80

Hinh 5.3. Khoang tin cdy (2 dwong Hyperbol giita)
va khoang du dodn ( 2 dwong hyperbol ngoai) cho murc tiéu thu nhién liéu
Dung (5.1.27) va (5.1.29), khoang tin cay va khoang du doan 95% tai van toc
50ml/h 1a

. 2
24,04+ 2,571N%+%] = (24,04 +1,37) = (22,67; 24,41)

700
d) Luu y khi s dung MHHQ

_ 2
£24,04i 2,571\/1+%+MJ = (24,04 +2,92) = (21,12; 26,96)

o Truong hop noi suy.

o Truong hop ngoai suy.

A .

y Ngoai suy \,/"‘

5.1.6. Ti !
a) Phdn a b
Phé.n dlI ei =Yy - S\]i

Phin du chudn héa d. = e, /62, i=1,...n.

Co khoang 95% cac phan du chuan hoa roi vao khoang (-2‘; 2)

Hon nira, d6 thi d; phai c6 dang binh thuong, tap trung “déu dan” trong dai
(-2; 2) quanh tryc hoanh nhu dang (a) ¢ Hinh 5.5. Vi pham diéu d6, chang han
néu no6 c6 dang (b), (c), (d) thi phai stra chita m6 hinh, hay tim mo hinh khéc va
phan tich lai.
(a) (b)

L 2
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. ~,:
000 .000 oe®
* ”, 0’ o
(c) (d)
.
o W . »
o o o ’. 2 9‘6¢“’ TN 0..
woo O » .00 o® .0.
L 4 . *00

Hinh 5.5. Déng diéu phan dw
b) Hé so xac dinh (coefficient of determination)
Hé sb xéac dinh ky hi¢u boi R? dugc tinh theo cong thirc sau:

R2 =5 _;_SSg (5.1.30)
SSt SSt
Theo (5.1.23), tinh chat ctia hé sd xac dinh 1a
0<R?<I.

Goi ryy la hé $6 trong quan mau cia cac cip diém (X;,y;) (xem muc

4.1.2¢) thi ta c6 thé thay
R?=ry. (5.1.30")

Gia tri R? thuong dugc xem nhu mot chi thi cho tinh “t5t” ciia md hinh: Khi
gia tri ndy gan bang 1, md hinh phu hgp tot; khi gid tri nay nho, gan bang 0, mo
hinh khong pht hop véi s0 1i€u, can tim mo hinh khac. Tuy nhién, can than
trong, ngudng nao cho mdt md hinh cu thé lai 1a diéu ta chua biét, it ra 1a dén
thoi diem nay.

Luru y. Lién quan dén may tinh bo tai CASIO, ta c6 thé tinh &2 nhu sau:

n-2 1 g R _ n-2 &2
R =1-——=——3"(y; =9 /=2 (y; -¥)* =1~ -
=52 = nz(l—Rz)(yGn)z (5.1.31)

n_

n
Vo (yon)® =% =Y (35 -3
i=1
Vi du 5.2. Trong nha may san xuét cac linh kién ban dan, linh kién hoan
chinh 14 day dugc bo xép lai thanh mot cai khung. Ngudi ta quan tim dén 3 bién:
le kéo (s6 do cua luc 1am cho khung bi hong), d6 dai cta day, va chiéu cao cua
khuén duc. Sb liéu c6 25 quan sat thé hién & 4 cot dau Bang 5.5.
Trudc hét ta quan tAm dén mdi quan hé giira luc kéo y va d6 dai X, cua day,
& day dé tién ta van ky hiéu 1a x. Thé hién s6 liéu 1én do thi, duong nhu day 1a

92



quan hé tuyén tinh. Chung ta ding mé hinh Y = ax +b+¢ dé loc s liéu. Ta tinh
duoc:

n n
X = le =8,24; Sxx = 2 (x; —X)* = 698,56;
g i=1
1 n
y==>y; =29,0328; =—leyl 320,3388;
n

i=1 1 1

n

(oyn)? = iZ(yi —¥)? =224,237.
i=1

Tir d6 UL cuia céc hé s6 1a

b XY =Xy =2,9027; A=y-bx=5,115.
Sxx /n
Ta thu dugc phuong trinh :
Y =5115+2,9027x. (5.1.32)

2 n 1 < - A . X
UL cua o2 ¢6 thé tinh theo 62 = —ZZ(yi —-y; )2 . Tuy nhién trudce hét ta
n—2*
i=l1
tim hé s xac dinh:

R* = (Z(y1 y)J [Z(yi—?)2J=o.964.
ssT - &

Day la gia tri kha 16n. Ta noi c6 96,4% sb liéu duoc giai thich boi mo6 hinh.
Theo (5.1.31) thi

n
6 =—3 (-1 = Lz(l —R%)(yon)? =9,5696 =3,0934
n=2iqg n-

Bay gio ta kiém dinh hé s b=0. Theo (5.1.15),

A2
sed)= |2 —0.1179 =T, = 12997 _ 54 ¢

P — gid tri ciia phan bd Student 23 bac tu do ung voi gia tri 24,80 1a 0,000.
Vay ta chap nhan gia thuyét b=0.
Bay gio ta xét phan tich phuong sai.

n
SSp =D (§; —¥)* =5885,9 = SSp /1=5885,9,

n
SSg :Z(Yi _5’1)2 =220,1 = &7 :&132:9’569
i=1 n—

n
SSt =Y (y;-¥)* =6105,9.
i=1

SSp /1
SSg /(n—-2)
P gia tri ctia phan bd F(1, 23) tng véi gid tri 615,08 bang 0,000 nén ta ciing
két luén b#0. ]
5.1.7. Tuyén tinh h6a m¢t s6 moé hinh
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Dung phép bién d6i loga véi bién hdi quy hay bién phan h01 hodc voi ca

hai, dung phep nghich dao voi bién hoi quy ..., ta c6 thé dua mot sé mé hinh vé
dang tuyén tinh.

Hoi quy logarith y=a+b.lnx
Hbi quy mil y=a.e>* (& Iny=Ina+blnx)
Hbi quy liiy thira y:a.xb (< Iny=Ina+blnx)
Hoi quy nghich dao y=a+b.(1/x)
Hbi quy tam thirc y=a+bx+ x>

Ching han, khi can dung hdi quy m, trong phan chon mé hinh ta 4n
Exp(3) |; moi thao tac khac tuong tu.

e Sir dung mdy tinh bo tii. Ching ta m6 ta ngfin gon cach str dung may
tinh bo tii CASIO fx-500MS dé tinh toan hoi qui. Dau rang nhitng két qua con
so luge so voi cac phan mém chuyén dung, song ching cting gitip ta nhat dinh
trong cong viéc.

Xod nhé théng ké SHIFT| [MODE =]

Goi chuong trinh tinh  |MODE REG[3]

Chon mo hinh Lin[1]

Nhdp dir liéu. Chang han, can nhép dit liéu & Vidu 5.1 ta an
45| [.] [242] [M+
Ctr thé ta nhap cho hét dit lidu.
Goi ket qua. Nhap dit liéu xong thi goi két qua. Viéc goi két qua vai bién x
hoic y: inz, in, X, Sx» Sx» Zyiz, Zyi, ¥, Sy, 8y van tién hanh nhu véi

thong ké 1 bién da néu ¢ cudi muyc 4.1.2. Bang 5.4 dua ra vai tinh toan nhu vay
cling nhu mot s6 tinh toan khac.

Badng 5.4. Mot s6 thao tac phan tich héi quy trén mdy tinh bé tii

Lwong An Két
can qua
tinh
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> xy; | [SHIFT] [S=SuM] [>] [ Yxy [3]] [=] 2%
S — 1,762
v | [SHIFT] [S-=VAR] [»] [yon [2]] [=]

y — 1,904
SHIFT| [S— VAR [>] [yon—113] [=

5 | 32,543

5 | [SHIFT][S-VAR][s] EIRENTINER

txy | [SHIFT] [S=VAR|[>] [»] [BI21] [] o4

2(20) | [SHIFT] [S=VAR] [>] [»] [ B3] [] 7375

YOO | o [smiFT | [s=vaR|[5] [5] [5][K 1] 20.64
70| [SHIFT |[S—VAR][>] [»] [»][7 [2]

Sau khi c6 gi4 tri ryy , ding (5.1.31) ta tinh dugc UL cho sai s6 chung 62 ;
tiép theo ta c6 thé tinh dugc T,, Ty, ...

§ 5.2. MO HINH HOI QUY TUYEN TINH BOI (1 tiét)
MHHQ tuyén tinh bdi 1a sy m’éf rong tu nl}ién cua MHHQ tuyén tinh don.
Chung ta ghi ra dudi day nhiing két qua tom tat.
5.2.1. Phwong trinh héi quy
a) Dang quan sat va dang ma trgn
Gia sir moi quan hg gitta bién phu thudc (bién phan hoi) Y va k bién doc lap
(bi€n ho1 quy) X;,...,X; cho bd1i mo hinh
Y =B +Bix; +... +Bxy +€ (5.2.1)
trong do By, By,....Px 1a cac tham s6 chua biét, goi 13 cac hé sb hoi quy, By goi
1a h¢ so chan, By,...,B 1a cac hé s6 goc; ¢ 1a sai s6 ngau nhién cé ky vong 0 va
phuong sai o2,
Khi khong so nham 14n, ta viét ngin gon (5.2.1) duéi dang
ELY | Xq,. X 1= Bo +BiXq +.. 4+ B Xy (5.2.2)
hay don gian hon nira
E[Y]=B¢ +Bix; +...+ B Xi (5.2.3)

Pé tim hiéu mo hinh (5.2.1) chung ta tién hanh n quan sat va ghi lai két qua
dudi dang bang nhu Bang 5.5.

Bang 5.5. 86 liéu cho mé hinh héi quy bi

¥ X4 Xy . X
Y1 X11 X12 . X1k
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Yn Xnl Xn2 Xnk

Nhu vay, duéi dang quan sat, mé hinh (5.2.1) viét lai dué6i dang
Y1 =Bo +Bixyy +o + Prxyi + 8
..... Co (5.2.4)
Yn =Bo +BiXn1 T+ PrXpk +&p

Dé thuén loi cho ky hiéu va cac phén tich tiép theo, ching ta sit dung cac ky
hi€u ma tran sau day.

Y1 Loxyp X o0 Xy
y=|. |; X=. . ... ...
Yn 1 X, X - - - X
Bo €
B=| . |; g =
Bk €n

Khi d6, phuong trinh (5.2.4) duoc viét lai dudi dang ma tran
y=Xp+e, (5.2.5)

trong do y 1a n - véc to quan sat, X la ma tran cap nxp cua cac bién doc lap
(p=k+1) - con goi la ma tran ké hoach - B 1a p - véc to cac h¢ so hdi quy, € 1a
n - véc to sai so ngau nhién.

b) Tuyén tinh héa mét s6 mé hinh
Mo hinh (5.2.3) 1a tuyén tinh vi nd tuyén tinh véi cac tham sb B;. Trong g
dung chiing ta thuong gap mo hinh dang

E[Y]=Bgi(XpseesXp) oo B8y (Xy50.X ) (5.2.6)
trong do g;....,g, la cdc ham nao do cua cac bién hoi quy X{seees X -
Pay 1a mo hinh tuyén tinh véi cac tham sb B;, phi tuyén vé6i cac bién
X{,..., Xy . Xét phép do1 bien
2] = 81 (Xp5ees X )iy Zpy = 8o (X500, Xp).
Ta c6 thé dua (5.2.5) vé dang thong thudng
E[Y]=Pz; +...+Bpz, (5.2.7)

12 mé hinh tuyén tinh v6i ca tham sé 13n cac bién hoi quy. Nhu vy tir nay ta van
goi md hinh (5.2.6) 1a tuyén tinh. Xét mot s6 truong hop déac biét.
bl. Hoi quy da thire. Xét mo hinh

E[Y]=ag+ax+..+ akxk.

bat z, =x; ...; z = xk, ta dua mo hinh nay vé dang
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E[Y] = ao + alzl +...+ aka .

Dac bi¢t, ngudi ta hay xét mo hinh tam thirc va da thure bac ba:

E[Y]=a+cx+cx2,

E[Y]=a+cx +ox? +dx°.
b2. M6 hinh da thitc bdc 2 ciia hai bién. D6 1a mé hinh
E[Z]= a+bx+cy+dx2 +exy+fy2.

bay 1a m6 hinh tuyén tinh véi 6 tham s a, b, ¢, d, e, f. Trudng hop gia
thuyét e =0 bi bac bo, ta noi hai bién hoi quy x va y la twong tac voi nhau, mé
hinh ¢c6 chia s6 hang tich chéo xy. Tréi lai, néu e = 0, ta n6i mé hinh khong chira
s6 hang tich chéo xy, 2 bién x va y 1a khong twong tac voi nhau.

b3. Ding phép bién doi loga véi bién phdan hoi

b4. Hoi quy c6 chira sin, cos.
Gia str bién phu thudc c6 dang
Y(t)=a+bt+csint+dcost+e.

Béng cach dit x; =t; x, =sint; X3 =cost, ta dua md hinh vé dang tuyén
tinh thong thuong.

5.2.4. Uéc lwgng va du doan
a) Khodng tin cdy cho tham sé don 1é
b) Khoang tin cdy cho dap vng trung binh.

¢) Du dodn cho quan sat méi. UL diém cia dy dodn cho quan sat tuong lai tai
muc Xgq,...,Xg, cua cac bién doc 1ap 1a

W T
Yo =XoB =By +Bixg1 +--- + BrXox -

Khoang du doan 100(1 - )% cho quan sat tuong lai nay la

$o £ty (n—p) &L+ x0(XTX) 'x) . (5.2.17)
5.2.6. Sir dung phan mém

Cac phan mém théng ké ngay nay cho phép phéan tich mé6 hinh voi so bién
hoéi quy 1én dén hang ngan va sé quan sat 1én dén hang chuc van. Ching ta can co
nhimng lglen thirc co ban dé tan dung nhimg loi thé cua cac phan mém nay. M01
phan mém c6 nhing thé manh cua nd, song chiing déu c6 phan phan tich hé s6 va
phan tich phuong sai. Ching ta tim hiéu so bd qua mot vai vi du.

Vi du 5.3 ( Phén tich s6 liéu luc kéo). Ching ta lay lai vi dy lyc kéo & Vi du
5.2. Gia sur chiing ta da nhép s6 liéu vao cira s6 bién tap dir liéu. Sau ddy 13 mot
sd thao tac co ban.

Bang 5.5. Két qua xir Iy véi s6 liéu luc kéo day dan
97



TT | Luc | Do Do | Dubio | Phan | Phan du
kéo dai cao ¥ du chuan
Y; X1 Xy e; hoa d;
1 9.95 2 50 8.38 1.57 .687
2 | 2445 8 110 25.60 | -1.15 -.501
3 | 31.75 11 120 33.95 | -2.20 -.963
4 | 35.00 10 550 36.60 | -1.60 -.698
5 | 25.02 8 295 2791 | -2.89 -1.265
6 | 16.86 4 200 15.75 1.11 487
7 | 14.38 2 375 12.45 1.93 .843
8 9.60 2 52 8.40 1.20 523
9 | 2435 9 100 2821 | -3.86 -1.689
10 | 27.50 8 300 27.98 -.48 -.208
11 | 17.08 4 412 1840 | -1.32 -.578
12 | 37.00 11 400 37.46 -.46 -.202
13 | 41.95 12 500 41.46 49 215
14 | 11.66 2 360 12.26 -.60 -.263
15 | 21.65 4 205 15.81 5.84 2.553
16 | 17.89 4 400 18.25 -.36 -.158
17 | 69.00 20 600 64.67 4.33 1.894
18 | 10.30 1 585 12.34 | -2.04 -.890
19 | 34.93 10 540 3647 | -1.54 -.674
20 | 46.59 15 250 46.56 .03 013
21 | 44.88 15 290 47.06 | -2.18 -.953
22 | 54.12 16 510 52.56 1.56 681
23 | 56.63 17 590 56.31 32 141
24 | 22.13 6 100 19.98 2.15 939
25 | 21.15 5 400 21.00 15 .067

Ta thiy hé s6 xac dinh R? =0,981, vay ¢6 98,1% sb liéu duoc gidi thich boi
mo hinh; day 1a mot ty 1€ kha 16n. UL cho phuong sai chung ctia m6 hinh 1a
&2 =2,2881%. Mirc ¥ nghia ctia thong ké F 1a 0,000, rat nhé so véi 0,01: Mo
hinh ¢6 tac dung t6t dé giai thich so lidu. Tt ca cac muc ¥ nghia cua théng ké T
ctia cac tham s6 déu nho hon 0 ,05 ( gia tri cyc dai 0,044 tmg voi blen hang sd).

Hau qua 1a khoang tin cdy cua tit ca cac hé sb déu khong chira gbc toa do. Nhu
vay, cac kiém dinh T khong bac bo mo hinh. M6 hinh du tuyen la

Y =2,264+2,744x, +0,013%, + ¢ (*)
BAI TAP: Kiém dinh phi tham s (2 tiét)

b) Théao luidn

c) Tu hoc

d) Bai tap chuin
bi toi thiéu

Tai lidu Tai lidu [1], tr....
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Chuong, muyc: 5
Tiét thi: 57-60 Tuan thi: 15
Muc dich, yéu cau:
e Cung cb kién thuc
e Sén sang dé thi cudi hoc ky
- Hinh thire t6 chire day hoc:
Hinh thirc chu yéu: Ly thuyét, thdo luén - ty hoc, tu nghién ctru
- Thoi gian:
Ly thuyét, thdo luan: 4t - Ty hoc, tu nghién ctru: 4t
- Dia diém:
Giang duong do P2 phan cong.
- Nogi dung chinh:
e Bai tap Hé sb turong quan (1tiét)
e M5 hinh hdi quy tuyén tinh (1 tiét)
e Chita cic bai chua c6 diéu kién chira (2tiét)
(Giao vién lam la chinh)
On tap chuén bj thi hét mon
Nhic lai vé& cac cau hoi Iy thuyét, cach hoc chiing.
Mot s6 kinh nghiém khi thi
Nhic lai tinh thin nghiém tuc trong thi cir
Nhic mot s6 quy dinh trong ky thi

On tap
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